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Resume. Soit K 2 le K - espace vectoriel de dimension 2 ou K denote le corps 
des series de Laurent formelles F2((T -1 )). Nous calculons en particulier des 
sommes exponentielles (dans K 2 ) de la forme 

T, dcg Y<k-iT, dcg z<s-i E ( tYZ )J2 das u<s+ m -i E (vYU) ou (t,v) est dans la 
boule unite de K 2 . 

Nous demontrons qu'elles dependent uniquement du rang de matrices doubles 
persymetriques avec des entrees dans F2, c'est-a-dire des matrices de la forme 
[■^■1 ou A est une matrice s x k persymetrique et B une matrice (s + m) x k 
persymetrique (une matrice [onj] est persymetrique si otij = ov,s pour i+j 
= r+s). En outre, nous etablissons plusieurs formules concernant des proprietes 
de rang de partitions de matrices doubles persymetriques, ce qui nous conduit a 

L + m x fe 

une formule recurrente du nombre J des matrices de rang i de la forme 

[■^] . Nous deduisons de cette formule recurrente que si < i < inf (s— 1, fc — 1), 



I- 



I s + m xfc 

le nombre depend uniquement de i. D 'autre part, si i > s + 1, k > 

L + m xfc L'+m' Xfc ' 

i, r} - 1 peut etre calcule a partir du nombre I?^> , x J de matrices de 
rang (s'+l) de la forme j^^-j ou A' est une matrice s' x k' persymetrique et 

B' une matrice (s' + m') x k' persymetrique, ou s', m' et k' dependent de i, s, 
m et k. La preuve de ce resultat est basee sur une formule (donnee dans [4]) 
du nombre de matrices de rang i de la forme ou A est persymetrique et 

6_ une matrice ligne avec entrees dans F2. Nous montrons egalement que le 
nombre R de representations dans F2 [T] des equations polynomials 

YZ + YxZx + ...+ y,_iZ,_i = 
YU + YxUx + .-. + Y^U,-! =0 

associees aux sommes exponentielles 

E de9 y<fc-i E de9 z< s -i E{tYZ) ^ dcg c;< s+m _ a E{ V YU) est donne par une integrate 

9 L+m xfe 

sur la boule unite de K et est une combinaison lineaire de J pour 

i > 0. Nous pouvons alors calculer explicitement le nombre R. 
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Abstract. Let K 2 be the 2- dimensional vectorspace over K where K denotes 
the field of Laurent Series F2((T~ 1 )). We compute in particular exponential 
sums, (in K 2 ) of the form 

EitYZ^^^^E^YU) where (t, V ) is in the 
unit interval of K 2 . We show that they only depend on the rank of some 
associated double persymmetric matrices with entries in F2, that is matrices 
of the form [^] where A is a s x k persymmetric matrix and B a (s + m) x k 
persymmetric matrix. (A matrix [oiij] is persymmetric if aij — a r , s for i + 
j — r + s). Besides, we establish several formulas concerning rank properties of 
partitions of double persymmetric matrices, which leads to a recurrent formula 

\s + m \ xk . 
for the number IV L J of rank i matrices of the form [^J ■ We deduce from 

s+m xk 

the recurrent formula that if < i < inf(s — 1, k — 1) then Fj; depends 

s + m x fe 

only on i. On the other hand, if i > s + 1, k > i, Tr can be computed 

L'+'m'l xk ' r '1 

from the number r s , + 1 m J of rank (s'+l) matrices of the form ^ where 

A' is a s' x k' persymmetric matrix and B' a (s' + m') x k' persymmetric 
matrix, where s', m' and k' depend on i, s, m and k. The proof of this result is 
based on a formula (given in [4]) of the number of rank i matrices of the form 
wnere A is persymmetric and 6_ a one-row matrix with entries in F2. 
We also prove that the number R of representations in F2 [T] of the polynomial 
equations 

' YZ + YJZJ + ... + Y q - 1 Z q - 1 ^0 
YU + Y 1 U 1 + ... + Y q - 1 U q - 1 =0 

associated to the exponential sums 

J2 deg Y<k-i J2 deg z<s-i E(tYZ) E do gC/< s+m -i E(rjYU) is given by an integral 

over the unit interval of K , and is a linear combination of the J for i > 

0. We can then compute explicitly the number R. 
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1. NOTATION 



1.1. ANALYSIS ON X. We denote by F 2 ((i)) = K the completion of the 
field F2(T), the field of rational fonctions over the finite field F2, for the infinity 
valuation = Dqo defined by t>(4) = degB — degA for each pair (A,B) of non- 
zero polynomials. Then every element non-zero t in ^((t*)) can be expanded in 



a unique way in a convergent Laurent series t = ^2j=-oo^j^ where tj € F 



2- 



We associate to the infinity valuation t> = Dqo the absolute value | ■ |oo defined 
by 

|t| 0O = | i | = 2-« , W. 

We denote E the Character of the additive locally compact group ^((y)) de- 
fined by 



-t>(t) 

j=-oo 

We denote P the valuation ideal in K, also denoted the unit interval of K, i.e. the 
open ball of radius 1 about or, alternatively, the set of all Laurent series 



1 if t_i = 0, 
-1 if t_i = 1. 



i>l 

and, for every rational integer j, we denote by Fj the ideal {t € K\ xt(i) > j} . The 
sets Fj are compact subgroups of the additive locally compact group K. 

All t G F2^^^ may be written in a unique way as t = [t] + {t} , [t] £ 

F 2 [T], {t}£F(=P ). 

We denote by dt the Haar measure on K chosen so that 

dt = 1. 



Definition 1.1. We introduce the following definitions in K : 

• Let s, m and k denote rational integers such that s > 2, m > and k > 1. 

• A matrix D = [ctij] is said to be persymmetric if a^j = a rjS whenever 
i+j = r+s. 

• Set t = £ i>i £JjT 1 £ F, we denote by D SX k(t) the following s x per- 
symmetric matrix 

/ ai a 2 a 3 ... a^-i \ 
a 2 «3 «4 • • • «fc «fc+i 

a s _i a s a s+ i . . . a s+k _ 3 a s+k _ 2 
\ ct s a s+ i a s+ 2 ■ ■ ■ a s+ k-2 a s +fc-i j 
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Set t = J2i>i a iT ' 6 F, we denote by D 3 sx ^ k _. +1 ^(t) the following s 
(k — j + 1) persymmetric matrix 



/ 



ay 
a j+ i 



atj+i 
a j+2 



a j+2 
a j+3 



Oik-l 



\ 



a j+s 



azj+s-i 
a j+s 



aj+s ■ ■ ■ ®k+s-2 
Otj+s+1 ■ ■ ■ Ofc+s-2 / 

Set 7] = Y,i>iPi T ~ l € I") we denote by D( s+m)xk (rf) the following (s + 
m) x k persymmetric matrix 



Pi 

02 



02 
03 



03 
04 



0k-l 
0k 



0k 
0k+l 



\ 



0m+l 0m+2 0m+3 

0s-\-m—l 0s+m 0s+m+l 
\ 0s+m 0s+m+l 0s+m+2 



0k- 



+m-l 



0k 



+m 



0s +mn+k— 3 0s +m+k—2 
0s+m+k-2 0s+m+k-l J 



1.2. ANALYSIS ON THE TWO-DIMENSIONAL K-VECTORSPACE. 

Let K x K = K 2 be the 2-dimensional vector space over K. Let (t, rj) € K 2 and 
\{t,r))\ = sup{\t\,\r)\} = 2- in f(°W>»( r >)). 

It is easy to see that (t, rj) — > \(t,r/)\ is an ultrametric valuation on K 2 , that is, 
(t, rj) — ► \(t, rj)\ is a norm and \((t, rj) + (t', r/))| < max {\(t, r/)|, \(t' , rj')\} . 
We denote by d(t, rj) = dtdi] the Haar measure on K 2 chosen so that the measure 
on the unit interval of K 2 is equal to one, thus 

f f d(t,r}) = f dt [ drj = 1 • 1 = 1. 



Let (t,r}) = {T l i=-L t i T ^T l i=-L r li Ti ) G k2 > we denote % the Character on 
(IK 2 , +) defined by 



-»(*) -»(»?) -»(*) -0(7?) 

x( E ^ E wr*) = J5( E ^)-^( E nO 4 ) 



1 if t_i + r/_i = 0, 
-1 if t_i + »/_i = 1. 



Definition 1.2. We introduce the following definitions in the two-dimensional 
K -vectorspace. 

• Let k, s and m denote rational integers such that k > 1, s > 2 and m > 0. 

• We denote by P/Pj x P/Pj a complete set of coset representatives of Pj x Pj 
in P x P, for instance P/P s+ fc_i x P/P s+m+ fc_i denotes a complete set of 
coset representatives of P s +fc_i x P s + m +fc_i in P x P. 

. Set (t, rj) = (£i>i OiT-\ ^>i A^) ePxP. 

s 

s+m 



We denote by D 



xfc 

(i, ??) any (2s + m) x k matrix, such that after 
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a rearrangement of the rows, if necessary, we can obtain the following 



double per symmetric matrix 



Dsxkjt) 
D (s + m)xk(v) 





u 2 




"re— 1 


<-*fc 


OL2 


«3 






ak+i 




a s 


a s +i 


Ois+k-3 


Ois+k-2 


Oi s 


Ois+l 


Ot s +2 


Cts+k-2 


Ois+k-1 


Pi 


P2 


Ps ■ 


Pk-1 


Pk 


Ih 


Ps 


Pa 


Pk 


Pk+1 


Pm+1 


Pm+2 


Pm+3 


Pk+m-1 


Pk+m 


?s+m— 1 


Ps+m 


Ps+m+1 ■ 


■ Ps+m+k-3 


Ps+rn+k- 


Ps+m 


Ps+m+1 


Ps+m+2 ■ 


■ Ps+rn+k-2 


Ps+m+k— 



We recall that the rank of a matrix does not change under elementary 



row operations. 

• Let j be a rational integer such that 1 < j < k— 1, set (t, rj) = (X)j>i a iT~ l , Yli>i Pi^~ 



x 



We denote by D 



s+m 



x(k-j+l) 



(t, rj) any (2s + m) X (k — j + 1) matrix such 



that after a rearrangement of the rows, if necessary, we can obtain the 



following double persymmetric matrix 



n 3 

sx(fc-j + l) 



«(*) 



D 3 

_ (s + m)x(fc-j + 



!)(»») 



Oij+s-2 
a j+s-l 



a j+1 
a j+2 

Otj+s-l 
a j+s 



a j+2 
«i+3 

a j+s 

a j+s+l 



«re 

Ofc+s-3 
"fc+s-2 



"A: 
Ctk+1 

"fc+s-2 
"fc+s-1 



ft 

Pj+s-2 
Pj+s-1 
Pj+s 



Pj+l 

Pj+2 

Pj+s-1 

Pj+s 
Pj+s+1 



Pj+2 
Pj+3 

Pj+s 
Pj+s+1 
Pj+s+2 



Pj+s+m-3 Pj+s+m-2 Pj+s+m-1 
Pj+s+m—2 Pj+s+m—1 Pj+s+m 
\ Pj+s+m—1 Pj+s+m Pj+s+m+1 



Pk-1 
Pk 

Pk+s-3 
Pk+s-2 
Pk+s-1 



Pk 
Pk+1 

Pk+s-'< 
Pk+s-1 
Pk+s 



Pk+s+m-4 Pk+s+m-3 
Pk+s+m-3 Pk+s+m-2 
Pk+s+m-2 Pk+s+m-1 / 
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For instance we can denote by D, 



s+m 



x(k-j+l) 



(t, rj) the following matrix 
\ 



a 3 


a j+ i 


Oj+2 


Ok-1 


<y-k 




Pj+i 


Pj+2 


Pk-1 


Pk 


a j+1 


a j+2 


Oj+3 


Oik 




Phi 


Pj+2 


Pj+3 ■ 


Pk 


Pk+l 


OLj+s-2 


®j+s-l 


aj+s 


Ofc+s-3 


au+s- 


Pj+s-2 


Pj+s-l 


Pj + S 


Pk+s-3 


Pk+s- 


Pj+s-1 


Pj + S 


Pj + S + l 


Pk+s-2 


Pk+s- 


Pj+s 


Pj+S + l 


Pj+s+2 


Pk+s-1 


Pk+s 


Pj+s+m— 3 


Pj+s+m-2 


Pj+s+m—1 


Pk+s+m—i 


Pk+s+rn 


Pj+s+m-2 


Pj+s+m—1 


Pj+s+m 


■ Pk+s+rn-3 


Ps+m+k 


Oij+s-1 


a j+s 


Oj+s+1 


Olk+s-2 


ak+s- 


Pj+s+m—1 


Pj+s+m 


Pj+s+m+1 ■ 


■ Pk+s+m-2 


Pk+s+m 



If j = 1 we denote D ■■ 



s+m 



xfc 



(t,rf) bjD 



s+m 



xfc 



s-1 
s + m — 1 
a S -+f3s + m- 



xk 



• We denote by D L J {t, rj) the following (2s + m — 1) x k ma- 

trix, where the submatrix formed by the first (2s +m -2) rows is equal to 

xfc 



s-1 

s+m— 1 



the matrix Z)L J (t,v)i an d the last row form a 1 x k persymmet- 
ric matrix of the form (a s +P s+m , a s+1 +P s+m+1 , . . . , a s+ k-i+Ps+k+m-i) 



a 2 

a s -i 
Pi 

P2 
Pm+1 
Ps+m—1 



a 2 
a s 

P2 
p3 

Pm+2 

Ps+m 



a 3 

Ps 
Pa 

Pm+3 
Ps+m+1 



Ofc-1 
Oik 



"s+fc-3 
Pk-1 
Pk 



Pk 



+m-l 



Ok 
Ok+1 

O s +k-2 
Pk 
Pk+l 



Pk 



+m 



P. 



s+m+k—2 



Ps+m+k— 3 

Ok+s-2 + Pk+s+rn-2 "fc+s-l + Pk+s+m-1 I 



\ O s + Ps+m O s+ \ + Ps+m+1 «s+2 + Ps+rn+2 



• We denote by ker D the nullspace of the matrix D and r(D) the rank of 
the matrix D. 
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• To simplify the notations concerning the exponential sums used in the 
proofs, we introduce the following definitions. 

• Let g s ,k,m(t,rj) be the quadratic exponential sum in P x P defined by 
(t,ij)ePxPi — ► Y Y E ( tYZ ) Y E(r]YU)eZ. 

degY<k—\degZ<s—\ degU<s+m—l 

• Let g(t, 7]) be the quadratic exponential sum in P x P defined by 
(t,r/)ePxPi — ► Y Y E (tYZ) Y E(r]YU)eZ. 

degY<k—\degZ<s—\ degU<s+m—l 

• Let gi(t,rf) be the quadratic exponential sum in P x P defined by 
(t,r/)ePxPi — ► Y Y E ( tYZ ) Y E(r]YU)eZ. 

degY "<fc— 1 degZ=s—\ degU<s+m~l 

• Let g2(t,v) be the quadratic exponential sum in P x P defined by 
(t,r/)ePxPi — ► Y Y E ( tYZ ) Y E{rjYU)e1. 

degY<k—ldegZ<s—l degU=s+m—l 

• Let fi{t,if) be the quadratic exponential sum in P x P defined by 
(t,r/)ePxPi — ► Y Y E ( tYZ ) Y E{riYU)eZ. 

degY <k—\ degZ=s—\ degU<s+m—2 

• Let f2(t,rj) be the quadratic exponential sum in P x P defined by 
(t,r/)ePxPi — ► Y Y E ( tYZ ) Y E{rjYU)e1. 

degY <k—\ degZ<s—2 degU=s+m—l 

• Let h(t, 7]) be the quadratic exponential sum in P x P defined by 

(t,r/)ePxPi — ► Y Y E ( tYZ ) Y E iv Y U)eZ. 

degY<k—\degZ=s—\ degU=s+m—l 

• Let v(t, r]) be the quadratic exponential sum in P x P defined by 
(t,r/)ePxPi — ► Y Y E ( tYZ ) Y E iv Y U)eZ. 

degY<k-ldegZ<s-2 degU<s+m-2 
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• Let ip(t, 7]) be the quadratic exponential sum in P x P defined by 
(t,r/)ePxPi — ► Y E ( tYZ ) Y E(r]YU)eZ. 

degY=k—l degZ<s—l degU<s+m~l 

• Let <f)(t, rj) be the quadratic exponential sum in P x P defined by 
(t,r/)ePxPi — ► Y E ( tYZ ) Y E{rjYU)eZ. 

degY=k—ldegZ<s—l degU=s+m—2 

• Let 4>i (t, rj) be the quadratic exponential sum in P x P defined by 
(t,r/)ePxPi — ► Y E ( tYZ ) Y E{rjYU)e1. 

degY=k—l degZ<s—l degU<s+m—2 

• Let 4>2(t,T]) be the quadratic exponential sum in P x P defined by 
(t,r/)ePxPi — ► ^2 Y E ( tYZ ) Y E iv Y U)eZ. 

degY<k—2degZ<s—l degU=s+m—l 

• Let 6i(t, rj) be the quadratic exponential sum in P x P defined by 

(t,r/)ePxPi — ► ^2 Y E ( tYZ ) Y E iv Y U)eZ. 

degY=k—l degZ=s—l degU<s+m—2 

• Let 02(t,rj) be the quadratic exponential sum in P x P defined by 
(t,r/)ePxPi — ► J2 Y E ( tYZ ) Y E iv Y U)eZ. 

degY<k-2degZ<s-2 degU=s+m-l 

• Let 6*3 (t, 77) be the quadratic exponential sum in P x P defined by 

(t,r/)ePxPi — ► J2 Y E ( tYZ ) Y E iv Y U)eZ. 

degY <k-2 degZ=s~\ degU<s+m-2 



• Consider the following partition of the matrix D 



s 

s+m 
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0L\ 


«2 


Q 3 


CCfc-1 




Ct2 




«4 


a k 


«fc+l 


CXs-1 


a s 


a s +i 


«s+fc-3 


O-s+k-2 


01 


02 


03 


Pk-l 


0k 


02 


03 


04 


0k 


0k+l 


0m+l 


0m+2 


0m+3 


0k+m-l 


0k+m 


3s+m— 1 


0s+m 


Ps+m+1 ■ 


■ 0s+m+k-3 


Ps+m+k-2 


0s+m 


0s+m+l 


0s+m+2 ■ 


■ Ps+m+k-2 


0s+m+k—l 


a s 


a s +i 


U s +2 


Ois+k-2 





We define 



(7 



s-1 
s + m 



Xfc 



to be the cardinality of the following set 



• Consider the following partition of the matrix D - 



s+m— 1 





012 


«3 


a-k-i 


ak 


OL2 




«4 


a k 


atk+i 


"s-1 


a s 


«s+l 


OCg+k-3 


"s+fc-2 


01 


02 


03 ■ 


0k-i 


0k 


02 


03 


04 


0k 


0k+l 



\ 



0m+l 0m+2 0m+3 
0s+m—l 0s+m 0s+m+l 



0k+ 



m—1 



0k+r. 



0s+m+k-3 0s+m+k-2 



V OSs OL s+ i a s+2 



Ois+k-2 OL s+ k-l ) 
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We define 



s + m— 1 



xk 



to be the cardinality of the following set 



(t, V ) € P/P fe+s -i x P/P fe+s+m - 2 | r(D i*- 1 ^} xk (t, r))) = r(D k™" 1 ] xk (t, rfi) 



• We consider the following partition of the matrix D 



s-l 
s + m — 1 
a s -+f3 s + m- 



xk 



a 2 



a s -i 
0i 

02 



0m+l 0; 



a 2 
"3 

a s 
02 
03 

'•m+2 



«3 
«4 

"s+1 
03 
04 

0m+3 



0s+m—l 0s+m 0s+m+l 



Otk-l 
Oik 



0k-l 
0k 



Oik 



a 



s+k-2 

0k 

0k+l 



0k 



+m-l 



0k 



+m 



0s+m+k-3 



0s+m+k-2 



V Oi s + s +m CH-s+1 + 0s+m+l «s+2 + 0s+m+2 ■ ■ ■ Ofc+s-2 + 0k+s+m-2 Ofc+s-1 + 0k+s+m-l / 



We define 



a, 



s-l 
s + m — 1 



"s-+/3s + r, 



xk 



to be the cardinality of the following set 



(t, V ) G P/P fe+S -! x P/P fc+s+m _! | r(Di sJ ^ m ] xk (t, V )) = r(D 



s-l 
s+m— 1 
a s -+(3s+m- 



xk 



Consider the following partition of the matrix D L J (t, 77) 



s+m 



xfc 



EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVER 13 





«2 


Q 3 


Otk-1 


a k 


Ct2 




«4 


a k 


Ctk+l 


CXs-1 


a s 


a s +i 


Oi s +k-3 


a s +k-2 


Pi 


P2 


Ps ■ 


Pk-l 


Pk 


02 


p3 


Pi 


Pk 




n 

Pm+1 


Q 

Pm+2 


Pm+3 


Pk+rn-l 


Pk+m 


Ps+m-1 


Ps+m 


Ps+m+1 ■ 


Ps+m+k—3 


Ps+m+k-2 




a s +i 


OL s +2 


® s +k-2 


Ols+k-1 


Ps+rn 


Ps+m+1 


Ps+rn+2 ■ 


■ Ps+m+k-2 


Ps+m+k—1 



We define 



a, 



fts+m- 



xk 



to be the cardinality of the following set 

jM) G P/Pfe+.-i x P/P fe+s+ro _ 1 | r(D[ sJl ~+ m h k (t, V )) = r(I>[' + ™- 1 ] xfc (i^)) = r(£>['^] **(«,»,)) = 

= jM) eP/P fe+s _! xP/P fe+s+m _ 1 | rpt 8 - 1 "™] ^(t,,,)) = rpt^" 1 ] ^(t,,,)) = r(i)H xt (t,r,)) 
• Let (ji, j 2 , j 3 ) S N 3 wc define 



S-l 
s+m-1 



31,32,33 



xfc 



to be the cardinality of the following set 



r s+m-1 xfc \s+m— 1 xfc 

{(t.fjJeP/Pfc+a-lXP/Pfc+a+rn-ilKDL J (t,fj))=ji, r(L>L J {t, V ))=j 2 , 

s+m xfc 1 

r(i}L J (t,f?))=j 3 }. 
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s+m\ xk 

• Consider the following partition of the matrix D L J (t, nf) 





a 2 


a 3 


Oik-l 


Oik 


a 2 


a 3 




ak 


ttfe+l 


Ot s -l 


a s 


a s+ i 


a s +k-3 


a s +fe-2 


fa 


fa 


fa 


fa-1 


fa 


fa 


fa 


fa 


fa 


fa+i 


Pm+1 


fan+2 


fai+3 


fa+m-1 


fa+m 


^s+m — 1 


fa+m 


fa+m+1 


• fa+m+k-3 


fa+m+k- 


fa+m 


fa+m+1 


fa+m+2 


■ fa+m+k-1 


fa+m+k— 



\ a s a s+1 a s+2 ■ ■ ■ a s +k-2 a s+fe _i / 



Let (ji,j2,h) G N 3 we define 



S-l 
3+m-l 



xk 



to be the cardinality of the following set 



C s+m — 1 xfe s+m xfc 

{ (t, rj) eP/P fe + s -i xP/P fe+s+m _i I r(Dl 1 (t,rf))=j 1 , r(Dl 1 (t, V )) = j 2 , 



I s+rn\ xk "| 

r(Dl i (*,!?)) =j 3 }. 



s+m xfe 

• Consider the following partition of the matrix ZH -J (tity 



EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVER Ig 



ai 


a 2 


a 3 


OLk-l 


(Xk 




a 3 


Q!4 


(Xk 


afe+i 


0i s -\ 


a s 




<x s +k-3 


a s +fe-2 


01 




Ih 


0k-i 


0k 


02 


03 


04 


0k 


0k+l 


Pm+1 


a 

Pm+2 


Pm+3 


a 

Pk+m-1 


a 

Pk+m 


0s+m-l 


0s+m 


0s+m+l 


• 0s+m+k-3 


0s+m+k-2 


a s 


a s+ i 


Ots+2 


a s +k-2 


a s +k-i 



V Ps+m 0s+m+l 0s+m+2 ■ ■ ■ 0s+m+k-2 \ 0s+m+k-l j 

Let (ji,j 2 , J3, J4, J5, je) e N 6 , we define 



# 



V J5 



h_y 

34 



h / 



P/P fc+3 _ixP/P fc+( , 



{(t,v) eP/ 



to be the cardinality of the following set 

s+m-l I x(fc-l) 



»fc+--i x P/Ffc+ s +m-i I r(D 



. „+m— 1 xfc 

(*,»?)) =ii, j (*,^)) = i 2 , 



\s+m — 1 xffc — 1) s+ro— 1 xfc 



s+m x(fc-l) s+m xfc ~i 

rp L J (t,v))=35, r(Dl \ (*,»?)) =j 6 }. 



• Consider the following partition of the matrix D 



s+m x fc 



ai 


a 2 


a 3 


Oik-1 


(Xk 




a 3 


Q!4 


(Xk 


(Xk+1 


a s -i 


a s 


a s +i 


(X s +k-3 


<Xs+k-2 


ft 


02 


03 


0k-i 


0k 


ft 


03 


04 


0k 


0k+l 


ftn+l 


0rn+2 


0m+3 


0k+m-l 


0k+m 


ft+ro-1 


ft+m 


ft+m+1 


0s+m+k-3 


0s+m+k-2 


ft+m 


0s+m+l 


0s+m+2 


0s+m+k-2 


0s+m+k-l 


a s 


(x s +i 


a s +2 


(X s +k-2 


(Xs+k-1 
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# 



( 3\ 


32 \ 


33 


34 


\ 35 


k 1 



to be the cardinality of the following set 

r s+m-1 x(fc-l) s+m-1 xfc 

{(t,fj)GP/P fc+a _ixP/P fc+a+in _i|r(DL J (*,»?)) =ii, r(Dl i (t, V )) = j 2 , 

s+m x(fc-l) s+m xfc 

s+m x(fc-l) s+m xfc *| 

J (t,v))=35, r(Dl i (*,»?)) =i 6 j. 

s+m xfc 

• Consider the following partition of the matrix D L J (f, 77) 



ai 


a 2 


Q'3 


Qfc-1 






a 3 


Q!4 


"fc 


«fc+l 




a s 


a-s+i 


"s+fc-3 


"s+fc-2 


/3i 


ft 


fa 


ft-i 


ft 


ft 


ft 


Pa 




ft+i 


/3 m +i 




fti+3 


ft+m-l 


ft+m 


Ps+m-l 




Ps+m+1 


• Ps+m+fe-3 


ft+m+fc-2 




«s+l 


a s +2 


C*s+fc-2 


a s +k-i 


Ps-\-m 


ft+m+1 


Ps+m+2 


• Ps+m+fe-2 


ft+m+fc-1 



Let (ji, j 2 ,j3, 34) £ N 4 , wc define 



h 


h 


33 


34 



+ m — 1 

to be the cardinality of the following set 

s+m-1 x(fc-l) 



f I s+m-1 1 x (ft— 1) s+m-l xfc 

{(t,fj)GP/P fc+a _ixP/P fc+a+in _i|r(DL J (*,»?)) =ji, J (t,v))=32, 

s+m x(fc-l) s+m xfc *| 

r(Dl 1 {t,v))=h, r(Dl J (*,»/))= j 4 }. 



Set (i, r?) = (Ei>i a iT~ i , E«>i AT- 4 ) G P x 



Let r 



s+m 



xfc 



denote the number of double pcrsymmctric (2s + m) x k rank i 



matrices of the form 



£sXk(f) 



,that is 



EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVER 1% 



I\ L ' J ^ = Carder,) G P/P fe+S _i x P/P fe+s+m _! | r(£>[ s + ro ] xk (t, V )) = ij 
• Set for < i < inf (2s + m, fc) 









- s-l - 

s + m-1 




- s-l - 






- s-l - 












x k 


0. + m- 


xfc 




0. + m- 


X fc 


A, 


S 

s+m 


x k 




-3-a. 


— 1,? 


-i +2 




-2,i-2,t 


-2 



• Set for < j < s + m, k > s + j + 1 

1 

l+ro+(s-l) 

il j+1 {l,m + s - l,fc) = r| +1 



xfc 



4 . r „ L 



l+m+(«-2) 



X fc 



• We define 



fc- 1 


k 










3 


i 


a s - 


3 


3 + 1 


Ps-\-m 



to be the following subset of P 2 
{(t,v) = (Ei>i a i T ~\ E 4 >i Pi T ~ l ) G F 2 I r(I>[. + A-i]'<(fc- 1 )(t^)) = j, 
r(D[.+-il xfc (f,t ) ))= J , r(Z?[ 3 +™] x(fe - 1) (t,7 7 )) = j, r(£>[.+».] xfc (t,7 ? )) = j + l} 



• We define 



fc- 1 


k 




3 


3 




3 


3 + 1 


a s — 


3 


3 + 1 


Ps-\-m 



to be the following subset of P 2 

{(t,v) = (E^i^T-.E^rAT-) g p 2 | ^[^-H"- 1 '^,,,)) = j, 

r(D[.+m 1 -i] xfc (t,» 7 )) = j, r(I>[. + A-i]'<(fc-i)(i^)) =J . r(I) [. + A-i]'<fc(t,„)) = j + 
r(I>[.+m] x ( fc - 1 )(t,»,)) = j, r(D[- + »] xfc (t,»7)) = j + l} 



• Similar expressions are defined in a similar way. 

• We denote by R q (k, s, m) the number of solutions 
(Y"i, Zi, Ui, . . . , Y q , Z q , U q ) of the polynomial equations 

Y 1 Z 1 +Y 2 Z 2 + ...+YqZ q =0 

Y 1 U 1 +Y 2 U 2 + ... + Y q U q = 
satisfying the degree conditions 



degYi < fc — 1, degZi < s — 1, ciegt/, < s + m — 1 /or 1 < i < q. 
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2. INTRODUCTION (REFER TO SECTION 1 AND SECTION 3) 

The rational function field F2(T) is completed with respect to an appropriate 
valuation to a field K (i.e. the field of Laurent Series). The unit interval of K, 
that is, the open ball of radius 1 about 0, is a compact additive group. We shall 
use the Haar integral on this group. Let K 2 be the 2-dimensional vectorspace 
over K. 



s 

s+m 



xk 



Of 



The main result of this paper is to obtain a formula for the number T 
double persymmetric (2s + m) x k rank i matrices. 

In particular we shall show that if < i < inf (s — 1, k — 1) the number of double 
persymmetric (2s + m) x k rank i matrices depends only on i and if i > s + 1, k > i 
the number of rank i matrices can be obtained from the formula for the number 

s+m xfc 

of rank s+1 matrices. The computation of the r, L 
(given in [4]) of the number of rank i matrices of the form 
persymmetric and 6_ a one-row matrix with entries in ¥2- We observe that the 

xk 

where < i < inf (2s + m, k) are solutions to the system 



is based on a formula 



where A is 



s+m 



(2.1) 



' inf (2s+m,k) 

E r, 

i=0 
inf (2s+m,k) 

E r, 

i=0 



s 

s+m 



s+m 



xk 



_ 2^k+2s+m-2 



xk 



2~i 2k+2s+m—2 _|_ 2 _ 2 



The first equation is obvious. 

The second equation is a consequence of the identity 



/ 

JPxP 



g(t,r})dtdr) = Card{(Y, Z,U),degY < k — l,degZ < s - l,degU <s + m-l\Y-Z = Y-U = 0} 

22s+m _|_ 2^ — 1 



2.1. SKETCH OF THE PROOF. 



Consider the following 



s 

s+m 



x k double persymmetric matrix 



EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVER T@ 



0L\ 


«2 


a 3 


a.k-1 


Oik 


012 


«3 






«fc+l 


0L S -\ 


a s 


a s +i 




Ots+k-2 


a s 


a s +i 


OL s +2 


Ois+k-2 


a s +k-i 




ft 


ft ■ 


■ . ft-1 


Pk 


ftn 
P2 


P3 


PlA 

PA 


ft, 

Pk 


ft, , i 

Pk+l 


fim+l 


f3 m +2 


ftrt+3 


Pk+m-l 


fik+m 


^s+m—l 


Ps+m 


ft+m+1 ■ 


ft+m+fe— 3 


ft+m+fc— 


fis+m 


fis+m+l 


ft+m+2 • 


■ ft+m+fc-2 


ft+m+fc— 



• We establish the following recurrent formula for the number T t 



s+m 



xfc 



Of 



s+m 



x k double persymmetric matrices of rank i: 



(i) r. 



s+m 



xk 



2 • r 



s-l 
s-l+(m+l) 

i-1 



xfc 



s+(m-l) 



xfc 



■ r, 



s-l 
s — l+m 

-2 



xfc 



+ A, 



s+m 



xfc 



We observe that the F 
to the system 



s 

s+m 



xfc 



(2) 



Einf(2s+m,fc) p 
i=0 1 

Einf(2s+m,fc) p [' 
i=0 1 i 



s+m 



xfc 



, /or < % < inf(2s + m, k) are solutions 



22fc+2s+m-2 



s 

s+m 



xfc 



2~i — ^k+2s+m—2 _|_ c^lk—2 ^ 



We establish that the remainder in (1) satisfies the following equality 



(3) A 



s 

s+m 


xfc 


s 

s+m 


x(i+l) 




= A. 







for all < i < 2s + m, k > i + 1. 



We establish from (1) and (3) a recurrent formula for the difference 



s 

s+m 


x(fc+l) 


s 

s+m 


xfc 




-r, 







r 



In fact we prove that 



for 2 <i <2s + m, k > i + 1. 
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L+ m x(fc + l) \s+m\ : 

( 4 ) r} J - rj- 



[s + (m-l)] X(fc + 1) [ s + („_i)J : 



(5) r, 



[s + mjxtfc + i) [s + m]xfc [s + (m- 1)] X (fc + 1) [s + (m-l)] 

,+j - F s+j = 4 • r s+j _ 1 — r s+i _ 1 



if l<i<s-l, k>i + l, 
+ R(j, s, m, k) if < j < inf(s + m, k — s + 1) 



where R(j,s,m,k) is equal to 

Jl + ^ + m-l)] x ( fc + !) [l + ( s + m _l)] : 



■J' + I 



, [l+(s + m-2)] x + [l + (s + m-2)] 



• From a formula of T 
R(j,s,m,k) in (5). 

In fact we prove 



1 

l+m 



xk 



(6) R(j, s, m,k) = < 



'2^+5-1 

2^+5— 1 





obtained in [4] we compute the remainder 



if j = o, k > s + 1, 
if j" = 1, /c>s + 2, 
if 2 < j < s + m- 1, fe>s + j + l, 



^ _ 3 . 2 2fc+2s+m-2 if j = s + m, fc > 2s + m + 1. 



• From (4) applying (2) we deduce by induction on i 

x(i+i) 



(7) F 



s 

s+m 


xk 


k 


i 
% 











21 . 2 3i ~ 4 - 3 • 2 2i - 3 if 1 < i < s - 1, k > i + 1, 



22s+2i+ 



m-2 



3i-4 i o2i-3 



3 . 2^~ 4 + 2 



if l<i = k<a + l. 



s 

s+m 



xk 



We have now computed 
• From (5) applying (6) we obtain 



for 1 < i < s — 1, k > i. 



(8) r 



s+j 



x(fc+l) 



r 



s+m 
s+j 



xfc 



4- 



s+(m-l) 
s+j-1 



x(fc+l) 



s+(m-l) 
s+j-1 



xfc 



+ < 



f 2 fe+s - 1 if j = 0, fc > s + 1, 

_ 2 fc +s _i if j = 1, fc > s + 2, 

if 2 < j < s + m - 1, fe>s + j + l, 

k -3 • 2 2fc+2s+m - 2 if j = s + m, k>2s + m + l. 

• Using successively the recurrent formula in (8) we deduce 
In the case m G {0, 1} 



s 

s+j 



x(fc+l) 



xfc 



s+j 



3 • 2 k+s ~ l if j = 0, k > s, 

21 • 2 k+s+3 i~ A if 1 < j < s - 1, k > s + j, 

3 . 2 2fc+2s-2 _ 3 . 2 fc+4s-4 if j = s> jfe > 2s , 



EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVER El 



s+l 
s+j 



x(fc+l) 



s+l 
s+j 



xfc 



f 2 fc+s - 1 if j = 0, £;> a, 

11 • 2 k+s - 1 if j = 1, fc > a + 1, 

21 • 2 k+s+3 i- 5 if 2 < j < s, k> s + j, 

^ 3 . 2 2fc+2s-l _ 3 . 2 fc+4s-2 if j = s + i 5 fc > 2a + 1. 



In the case m > 2 



(9) r 



s 

s+m 
s+j 



x(fc+l) 



-r 



s 

s+m 
s+j 



xfc 



( 2 k+s - 1 if j = 0, k > s, 

3 . 2 fc+s+2j-3 if 1 < j < m - 1, k> s + j, 
11 • 2 fe+s+2m - 3 if j = m, k> s + m, 



(io) r 



s 

s+m 
s+m+j 



x(fc+l) 



-r 



s 

s+m 
s+m+j 



xfc J21 • 2 fc+s+2m+3j-4 if l<j<a-l, fc>a + m + j, 

1 3 ■ 2 2fe+2s + m " 2 - 3 • 2 fc+4s+2m - 4 if j = a, fc > 2s + m. 



• Consider the following array ( T 



s 

s+m 



s 

s+m 
s+l 



x(s+l) 



s+j 



r 

r„ L 



s+m 



s 

s+m 



x(s+l) 
x(s+2) 



s+l 



J xfc 

r 
r 



0<j<s+m, fc>s+j 
x(s+2) 



s+m 



s+m 
s+l 



x(s+3) 



r 

r„ L 



s 

s+m 



s+m 
s+l 



xfc 



xfc 



k > s 
k>s + l 



s 

s+m 
s+j 



x(s+j) 



s 

s+m 
s+j 



x(s+j+l) 



s 

s+m 
s+j 



X (s+j+2) 



.. r 



s 

s+m 
s+j 



xfc 



k > a + j 



s+ m x(s+m) 



_s+m^ 
s 

s+m 
s+m+1 



x(s+m+l) 



s + m X (s+m+1) 



s+m 
s 

s+m 
s+m+1 



x(s+m+2) 



s+ m x(s+m+2) 



s+m 
s+m+1 



x(s+m+3) 



s+m 
+m 
s 

s+m 
s+m+1 



xfc 



xfc 



k > s + m 
k > s + m + 1 



r 
r 



s 

s+m 



x(s+m+l+j) 
s+m+l+j 



s+m 



2s+m-l 



x(2s+m-l) 



r 



s+m 
2s+m 



;(2s+m) 



s 

s+m 



x(s+m+2+j) 
s+m+l+j 



s+m 



x(2s+m) 
2s+m-l 

x(2s+m+l) 



s 

s+m 
2s+m 



r 
r 
r 



s 

s+m 



x(s+m+3+j) 
s+m+l+j 



s+m 



x(2s+m+l) 
2s+m-l 

x(2s+m+2) 



s+m 
2s+m 



s+m xfc 
s_+m+l+j 

, s v fc 
s+m 

2s+m-l 

, s v fc 
s+m 

2s+m 



k>s+m+l+j 
... k>2s + m-l 
k > 2s + m. 



Z \ xk \ 

• To compute the elements in the array ( f^ ) , we 



0<j<s+m, fc>s+j 



proceed by induction on j as follows: 

Let I be a rational integer such that 0<l<s + m — 1. 

Assume that we have computed the elements in the following subarray 
( \ 1 }xk\ 

I s+j I 

V / 0<j<l, k>s+j 
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Recall that from (7) T 



s 

s+m 



xk 



are known for < i < s — 1, k > i. 



Prom the first equation in (2) with k = s+1+1, Ei=o +1 r 



s+m 



x{s+l+l) 



s+m 
s+l+1 



x(s+l+l) 



since the terms T- 



s+m 



we deduce T„ 
are known. 

From the equations in (2) with k = s + / + 2 we have 



x(s+l+l) 



for i < s + I 





s 


^s+l+2 r 


s+m 
s 


S-^s+l+2 p 


s+m 



x(s+l+2) 



x(s+l+2) 



2^s+2l+m+2 



s+m 

We then deduce r s L +z+1 - 
for i < s + I are known. 



x(s+l+2) 



andT 



s+m 
s+l+2 



x(s+l+2) 



s+m 



xk 



since the terms T ■ 

1+in x( S +l+2) 



s+m 



x{s+l+2) 



for 



Then from (9) or (10) we compute r s+J+1 knowing r s+J+1 - 
all k > s + I + 2. 

We have now computed any element in the I + 1-th row and the first 



element in the I + 2-th row in the array ( 



xk 



0<j<s+m, k>s+j 

• Using the procedure above we prove successively by induction on j the 



following reduction formulas 



s 

s+m 


xk 


s+j 




s 

s+m 


xk 


s+rn+l+j 



+(m-(j-l)) 
s+1 



x(fc-O-l)) 



for 1 < j < m, k > s + j, 



r 

i + j- 



s-3 



o2j+m . p L s -?J 



x(fe— m—2j) 



for < j < s — 1, A;>s + m + 



2.2. ORGANIZATION OF THE PAPER. We proceed as follows: 

In Section 1 are introduced main notations and definitions. 

In Section 3, we state the main theorems in the two dimensional US-vector 
space. 

In Section 4, we establish results on exponential sums, (in P x P) of the 
form g(t,rj),h(t,r)) or similar sums and we show that they only depend on rank 
properties of some corresponding double persymmetric matrices with entries in 
F 2 . 

Consider in particular the quadratic exponential sum in P x P defined by 
MJePxP — 0(t,f7)= J2 J2 E{ t YZ ) E E(VYU)€Z. 

degY<k— 1 degZ<s — 1 degU<s+m—l 
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We associate to the exponential sum g(t, rj) the following double per symmetric 



matrix 



We get 



a i 


Q'2 


a 3 




Oik 








a k 


O-k+1 




ot s 




«s+fc-3 


Ots+k-2 


a s 


Oi s -\.\ 


Ols+2 


OiaJ-h o 




Pi 


(32 


03 ■ 




(3k 


(32 


Pz 


(34 




(3k+i 


(3m+l 


Pm+2 


(3m+3 


Pk+m-1 


Pk+m 


3s+m—l 


Ps+m 


Ps+m+1 ■ 


■ Ps+m+k-3 


Ps+m+k- 


Ps+m 


(3 s +m+l 


Ps+m+2 ■ 


■ (3 s +m+k-2 


Ps+m+k— 



(2.2) 



:-\-m X k 



Y Y E ( tYZ ) Y E{r]YU) = 2 2s+m+k - r{ - Di 1 (*•")). 

degY<k— 1 degZ<s~l degU<s+m—l 



The proof of (12. 2D is based on the following two similar identities 



Y E(tYZ) = 2 s if and only if Y G ker D sxk (t), 

degZ<s—l 

Y E( V YU) = 2 s+m if and only if Y G ker D (s+m)xk ( V ). 

degU <s+m— 1 

Furthermore we establish similar results concerning similar exponential sums. 
For instance we have 
Let (t, 77) G P x P and set 



0*M= E E ^ tyz ) E w^)- 

degY <k—\ degZ<s — \ degU=s—l+m 



Then 
(2.3) 



ff2 (t j7? ) = \ 2 2s + m + k ~ 1 - r ( DL 1 (*.»»)) ifr(D 

otherwise . 



xfc 



(t,r}))=r(D 



s+(m— 1) 



xfc 



In the end of the section we obtain by (|2.2p . observing that g(t,rj) is constant 
on cosets of P k +s-i X Pfc+s+m-i 
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(2.4) 



R(q,k- 1,8- 1,8 +m- 1,0,0) = / g q (t,7])dtdr] 

JVxV 



inf(2s+m,fc) 
2(2s+m+k)(q-l) _ 2~ fc + 2 . p 

i=0 



s+m 



xk 



xfc 



In Section 5, we establish a recurrent formula for the number i\ s+m Q f 
rank i matrices of the form [5] , where A is a s x k per symmetric matrix and B 
a (s + m) x k persymmetric matrix with entries in F2. 



Consider the following two partitions of the matrix D L J (t, 77) 



s+m 



xk 



a-2 



CX2 
Q3 



03 
04 



Q-s-1 a s a s +i 



/3i /3 2 
ft ft 



ft 
ft 



ftl+1 ftn + 2 ftn+3 



ft + m— 1 ft + m ft + m + 1 



V 



&Z+1 «s+2 

ft + m ft + m+1 ft + m+2 



«fc-i 



1 \ / "2 



<*fc+ 



*s+fc-3 «s+fc-2 



ft-1 
ft 



ft H 



ft 
ft+1 



ft+ri 



■ ft + m + fc-3 ft+m + fc-2 
«s + fc-2 «s 



and 



s+fc-2 «s+fe-l 
ft + m+fc-2 ft + m+fc-1 / 



CK2 
«3 



ft 
ft 



ft 
ft 



Q?3 
a 4 



CK3-I Cts «s+l 



ft 
ft 



fti+2 ftn+3 



ft + m-1 ft + m ft + m + 1 



ft+m + ft+m+2 

a s q s +i a s +2 



^s+fe-3 "s+fc-2 
ft-1 ft 
ft ft+1 



ft+m-1 ft + r. 



ft + m + fc-3 ft + m+fc-2 



ft + m + fe-2 ft + m+fe-1 



s + k-2 a s + k- 



Obviously T 



s+m 



xfc 



can be represented in the following two ways 



(2-5) r. 



s+m 



xk 



s-l 
s + m — 1 



xk 



s-l ' 

s + m — 1 



/3s + m- 



xk 



s-l 
s + m — 1 



xfc 



s-l ' 

s + m — 1 



Xfc 



i— l,i Cr i-2,i-l,i ' 



(2.6) r 4 



s 

s+m 



= O, 



s-l ' 

s + m — 1 



Xfc 



s+m— 1 



+ a i-l,i,i 



xk 



s-l 
s + m — 1 



Xfc 



s-l 
s + m— 1 



s + m- 
«s- 



+ <7 i-2,j-l, 



xfc 



We establish the recurrent formula by obtaining relations between the terms of 



the two expressions of T 

xk 



s 

s+m 



xk 



. By considering the following partition of the 



matrix D 



s-l 
s + m— 1 
«s-+ft+m- 
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n 



r a -i 
r a +i 



0:1 

«2 



at s -i 
ft 

ft 



a 2 

Q!3 



p2 
ft 



Jm+2 



0L3 

Q'4 



a s +i 
ft 
ft 



?"2s + m-2 1 ft + m-1 



ft 



s + m + l 



+ m-l \ «s + /^s + m Os + 1 + As+m + 1 Cts + 2 + + 



dk-1 
Oik 



Q-s + k-3 
ft-1 
ft 



a* 



a s +k-2 
ft+i 



Pk + n 



ft + n 



ft + m + fc-3 ft + m+fc-2 . 

C*s + k-2 + ftj + fc + m-2 0?s + fc~l + /^s + fc + m-l / 



r 2 . 



and performing the following row operations, adding the s+m+j-th row to the 
j-th row for < j < s — 2, we obtain by elementary rank considerations the 
following identity 



s-l 




3-1 




s + m— 1 




s+m — 1 






xk 




xk 


A 


= 2- a, 


A 





(2-7) a t 
Using the binomial formula, we can write 



for < % < inf(2s + m - 2, k). 



(2i 



i=i 



(2.9) 5 * = (/» + / 2 )« = h" + /| + £ (fj h* ■ f. 

i=l 

Integrating (|2.8[) on the unit interval of K 2 we get by using results similar to (|2.3 



F q-i 
12 ■ 



inf(2s+m-l,fc) 

(2.10) J2 



(7 



s-l 
s + m — 1 



Xfc 



i—lAA 



2-a 



s-l ' 
s + m— 1 



x/v 



i— XA— 1A 



• 2~ 9i = for all q > 2. 



From (|2.10p we obtain 
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' s-l 
s + m — 1 

/^s+m — 



(2.11) ai h 



xfc 



2 ■ a. 



s-l ' 
s + m — 1 

Ps+m— 

i— 1,1 



xfc 



/or < i < inf(2s + m — 1, k). 



Integrating (|2.9I) on the unit interval of K 2 we get in the same way 
(2.12) 







s + m — 1 




- s-l - 

s+m — 1 




- S-l " 

s+m — 1 




■ S-l " 

s+m — 1 






/^s+m — 


xfc 


<*s- 
Ps+m — 


xk 


a s _ 
Ps+m — 


xfc 


/^s + m — 

a s - 


inf(2s+m-l,fc) 


















E 




— 








-l,t-l,i 


+ *i 


-l,i-l,j 


i=i 

















xfc 



•2"^ = forq>2. 



From (pTL2j) we get 
(2.13) 



(7 



s-1 
s+m— 1 



xfc 



s-l 
s + m — 1 



i— X.i.i 



xfc 



t— l,i 



a, 



s-l ' 
s+m — 1 



xfc 



s-l 
s+m — 1 



fts + m 

+ cr i-l,i-l,j 



xfc 



for 1 < z < inf(2s+m— 1, fe). 



Combining (j2"3jh ([2~6]) . ([277| . (I2TTD and (pJ3|) we obtain the following recurrent 
formula for the number of (2s + m) x double persymmetric matrices of rank i 

(2.14) 



r 



s+m 



xfc 



(2.15) 



= 2-r 

where A 



s-l - 
s+m— 1 



S-l 

s-l+(m+l) 
i-1 



xfc 



s+(m— 1) 



xfc 



• r 



s— 1+m 
i-2 



xfc 



+ A. 



s 

s+m 



xk 



for < i < inf (2s + m, k) 



s+m 



xk 



is equal to 



r s-i " 

s+m— 1 



xfc 



Xfc 



xk 



3 • a. 



i—i,i—i,i—i 



+ 2-0-. 



i-2,i-2,i-2 • 



We observe that we have for instance 
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s-1 

L^ 1+ ( m+1 ) 

^ ' 1 i-1 



X/.' 



(7 



s-1 
s + m — 1 



Xfc 



t— l.i 



xfc 



t— 2,i— 1.*— 1 



xfc 



i— 2,i—l, i 



In Section 6, we study rank properties of a partition of double per symmetric 
matrices by integrating some appropriate exponential sums on the unit interval 
of K? with integral equal to zero. 



Consider the following partition of the matrix D 



3-1 ' 

s + m— 1 



xk 





a 2 


«3 


Otk-1 




«2 




Q4 


a k 






a s 


Us+1 




tts+fc-2 


01 


02 


03 ■ 


0k-i 


0k 


02 


03 


04 


0k 


0k+l 


0m+l 


0m+2 


0m+3 


0k+m-l 


0k+m 


0s+m— 1 


0s+m 


0s+m+l ■ 


0s+m+k—3 


0s+m+k-2 


a s 




O-s+2 


Oi.s+k-2 


Oi s +k-l 


0s+m 


0s+m+l 


0s+m+2 ■ 


■ 0s+m+k-2 


0s+m+k-l 



In fact we prove that for all j £ [0, inf (2s + m — 2, k — 1)] we have 



(2.16) 



f j 




* 3 


j 


\j 


j 


+ 


i 


(2.17) 


















j 


+ 


i 




j 


+ 


i 



p fc+s _ixr/r fc+s+m _ 1 



( j 


i 


= * 3 


i 




i 




3 


= # j 


3 


> w 


3 



p t+ ,_ixr/p t+s+ra _i 



r fc+s _ixr/r fc+s+m _i 





3 


* 3 


3 


\3 


J + l 



r H< _ 1 xr/ir t+s+m _ 1 



We deduce (|2.16p from the fact that for all q > 2 the integral / (f>(t, rf) ■ 0| (i, r))dtdr) 

JPxP 

is equal to zero, that is 



E 

j=0 



1) 






\ 


a(s, m, k, q) ■ 2" 3q ■ 




j 






i 


/ 



# 



j 


3 


3 


3 


3 


3+1 



P Ht -lXf/r H , + m-l 
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We deduce (|2.17p in a similar way from the fact that for all q > 2 the integral 

/6*i (t, 77) • O 1 ^" 1 (t,r])dtdrj is equal to zero, that is 
_ xP 



j=0 



1) 






b(s, m, k, q) ■ T jq ■ 


'(', 


3 






J J 



rHs-l xr / r t+<+"i-l 





' 3 


3 




3 




\ J 


3+1 



# 


( t 


3 


3 


i + i 




K 3 


i + i 



= 0. 



rt + ,_ixr/rt + , +m _i 



In Section 7, we study some rank properties of submatrices of double persymmetric 

s — 1 1 
s+m-1 



matrices. Consider the following partition of the matrix D 



xk 



Oil 


o 2 


0*3 


Otk-l 


OLk 


a-2 


a 3 


CK4 


OLk 


a/c+1 


Ois-l 


a s 


a s +i 


&s+k-3 


Us+k-2 


01 


02 


03 


0k-l 


0k 


02 


03 


04 


0k 


0k+l 


Pm+1 


Pm+2 


0m+3 


0k+m-l 


0k+m 


Ps+m-1 


0s+m 


Ps+m+1 


0s+m+k—3 


Ps+m+fc-2 


U s 


Us+1 


a s +2 


Q-s+k-2 


Ois+k-1 


0s+m 


Ps+m+1 


Ps+ro+2 


Ps+ro+fc-2 


0s+m+k—l 



In fact we prove that for all j 6 [0, inf (2s + m — 3, k — 2)] we have 







3 - 


r- 1 


(2.18) 




3 - 


hi 






3 - 


hi 



p t+ ,_ixr/r H , + „ 



We prove (|2.18[) by contradiction. 

Assume on the contrary that there exist jo <E [0, inf (2s + m — 3, k — 2)] such that 



# 



3o 


ioH 


-1 


3o 




- 1 


3o 


ioH 


- 1 



> 0. 
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We show that 



# 



Jo 


jo 


+ 1 




p 






> # 


/ jo 


- 1 


jo \ 





jo 


jo 


+ 1 








> =; 


jo 


- 1 


jo 




jo 


jo 


+ 1 


1 


V, 




-lXP/P Hs +m-l 




\ jo 


- 1 


jo J 


Pl/P*+ 






# 


( 





M 


f 



















i 




> 














V o 


i J 


Pj / P '= + S -i ><P J o/ p ' t + S + - 


— 1 











> 



which obviously contradicts 



* 









i 






i 



These inequalities are a consequence of rank properties of submatrices of double persym- 
metric matrices. 



In Section 8, we study the remainder A 
prove in particular that 



in the recurrent formula and we 



(2.19) 





x(fc+l) 


s+m 




-A, 





xk 



= if h > j + 1. 



Consider still the following partition of the matrix D 



xfe 



ai 


o 2 


a 3 


Oth-l 


OLk 


a 2 






OLk 


a/c+i 


a.s-i 


a s 


a-s+i 


OLs + k-Z 


Ois+k-2 


Pi 


P2 


fa 


Pk-1 


Pk 


P2 


P 3 


Pi 


Pk 


Pk+1 


Pm+1 


Pm+2 


Pm+3 


Pk+m-1 


Pk+rn 


Ps+m-1 


Ps+m 


Ps+m+l 


Ps+m+k—3 


Ps+m+k-2 


U s 


a s+ i 


a s +2 


Ois+k-2 


Ois+k-1 


Ps+rn 


Ps+m+1 


Ps+m+2 


Ps+m+k-2 


Ps+m+k-1 



Let j < inf(fc — 2,2s + m — 3). Then by elementary rank considerations and using 
([2~T51) we obtain 
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(2.20) 

s — l 
s+m- 1 

+ ™ 



x k 



# 


(J 


3 


3 


3 






3 





(3- 


- 1 


3 


+ * 


3 - 


- 1 


3 




V 3 


3 


= # 


( J 


3 ' 




3 


3 





.ixr/r H .+m-i 



P/P Hl _ 1 xlP/P H , + „ 



3-1 


3 


j 


3 


3 


3 





(3 


- 1 


3 






- 1 


3 




u 


- 1 


3 



P/P fc + a _ 1 XP/P fc + s + m ^i 

f 



P/P fe+s _lXP/P fc+s 



\3 



3 J 



l xP/P k+s 



Further by ([2~To]l . (|2~TT|) and (|2~T5|) we have 
(2.21) 



4-cr L 



P.+r, 



x(fc-l) 



0,0,1 



= # 


( 3 




1 




3 


3 








Vi 


J 


J 


P/P Hl _ 1 xP/P t+J+ra . 


+* 


( 3 




i 


N 




3 


3 






V 3 


j 


■f 


1 / 


P/P fc + s _lXP/P fc + 






3 




f 


= 4- 


i 


J 










J 


i / 


P/P fc + s „lXP/P fc + 3 











.7 + 1 






.7 + 1 







i - 


h 1 




j - 


hi 




VT 


3 - 


h 1 



P/P fc+s _lXP/P fc+3+ 

77 



P/P fc+s _ixP/P 



From P^U|) . (|2~2"T]| we deduce 



xfc 



s-1 
s + m-1 



0,0,0 



0,0,0 



(2.22) 

Using (E+H), (|2~T7)) we obtain easily 



x(j + l) 



if j <inf(fc-2,2s + m-3). 



(2.23) 



x(j+l) 



0,0,0 



# 








3 




V -7 


3 ) 



P/Pj + sXP/P-h 
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(2.24) 4 • ct L 



s-l 
a + m-1 



XJ 



= 4-4-r 



s— 1 
s — l+m 



4 .# 









j 







4-r 



s-l 
s— l+m 



x(j+l) 



From (|2~^5|) . igJH) we deduce Theorem 



Recalling that A, 



s+m 



X fe 



is equal to 



xfc 



xfc 



xfc 



i-2 



we deduce easily Theorem 13.41 
We get (|2.19l) from Theorem 



In Section 9, we establish a recurrent formula for the difference 



s 

s+m 


x(fe+l) 


8 

s+m 


x A; 




-r, 







for2<i<2s + m 1 k > i + 1. 



In fact we prove that 
(2.25) 

s+m x(fc+l) s+m xfe 

r L J _ r L J =4 . 



+ (m-l) x(fc+l) _^ s+(m-l) 



Xfc 



if 2 < i < s - 1, fe > i + 1, 



(2.26) 



s+m 
s+j 



x(fc+l) 



s+m 

s+j 



Xfc 



= 4- 



+ (m-l) x(fc+l) s+(m-l) 



Xfc 



s+j-1 



s+j-1 



2 s " 



l+(s+m-l) x (fc+l) ^ l+(s+m-l) xfc 



l+(s+m-2) x (fc+l) l + (s+m-2) 



xfc 



if < j < s + m, fe > s + j + 1. 



To prove l|2.25p we proceed as follows 
Set for 1 < i < inf(2s + m, fe) 



fli(s, m, fe) = r 



s+m 



x fe 



-4-r 



s+(m-l) 
i-1 



x fe 



Then, from the recurrent formula (|2.14[) we get 
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(2.27) 



Sli(s,m,k) = 2 • _Vi(s - l,m + 1, k) + A, 



I X fc 



Applying succesively (|2.27p we obtain 



(2.28) 



i-2 



i—2 



i-2 



V ■ SU-i(8 -j,m + j, k)=J2 V +1 ■ Hi-U+i) ( s - (J + !)> m + U + 1). fc ) + E 2 ' ' A 



s-j+(m+j) 



x fc 



i=0 



i-1 



J2 ^ ■ fii-j - j, m + J, /■•:■ • E 2' • A, 1 !; 



s-j+(m+j) 



xfc 



Observing that 



f_i(s -(i- l),m+(i - l),fc) = r : 



s—i+1 



Xfc 



4-r, 



s—i+1 
s+(m-l) 



9-4 = 5, 



we get by (|2.28p after some simplifications 
(2.29) 



i-2 



8-0 

f_i(s,m,fc) = 2 i - 1 -n 1 (s-(i-l),m+(i-l),k)+^22 j -A£~: j+{m+j)j "" = 5-2' : 



i-2 



s-j+(rn+j) 



xfc 



.7=0 



Applying (|2__j) and P__j) we obtain 
We prove (|2.26|) in a similar way. 
In Section 10, we compute explicitly 

x(fc+l) i_i_r._i_~._ii xfc 



l+(_+m-l) 
r j + l 



l+(_+m-l) 



i?(j, s, m, k) 

if < j < s + m, k > s + j + 1. 
In fact we prove 



-2 S+1 



l 

l+(s+ro-2) 



x(fc+l) 



l+(_+m-2) 



x k 



def 



(2.30) R(j,s,m,k) 



'2 k+s - 1 if j = 0, fc>s + l, 

-2 fc+s - 1 if j = 1, fc > s + 2, 

if 2 < j < s + m - 1, k > s + j + 1, 

_ 3 . 2 2fc+2_+m-2 ifj = s + TO) fc>2s + m+l. 



From (gHH , (|2~__j) and (T_OU|) we get for s > 2, to > 
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(2.31) 



s 

s-\-m 


x(fc+l) 


s 

s+m 


xfc 




s 

s+(m— 1) 


x(ft+l) 


s+(n 


J-l)_ 


X k 


if 1 < % < s 




-r, 




= 4- 


r 




-r, 














t — _L 




-1 









(2.32) 



s+j 



x(fc+l) 



s+m 



xfc 



= 4- 



s+(m-l) 
s+j'-l 



X(fc+1) 



-r 



s+(m-l) 
s+j-1 



X A: 



if j" = 0, k>s + l, 
if j = 1, k>s + 2, 
if 2 < j < s + m - 1, > s + j + 1, 



3 . 2 2fc+2 S +m-2 if j = s + TO) fc > 2s + m + 1. 




We establish (|2.30|) by applying the formula for T 
3.9, with m — > s + m — 1, m — > s + m — 2). 



In Section 11, we establish a formula for T 
l,fc-l), m > 0. 

We show precisely 



l 

l+m 



s+m 



X k 



(obtained in [4] , see Theorem 



X k 



in the case 1 < i < inf(s 



(2.33) 



and 



s+m 



x t 



x(i+l) 



del' 



if i = 0, 



ji if 1 <i < inf(s- l,Jfe- l),m > 



(2.34) r 



X(i+1) 



dcf 



7i = 21 • 2 dl_4 - 3 • 2^~ d if 1 < i < inf (s - 1, k - 1) m > 0. 



From (|2.33p . (I2.34[) we deduce the following results 

(2.35) f fc L J = 2 2k+2s+m - 2 - 3 • 2 3fc ~ 4 + 2 2fc ~ 3 /or 1 < k < s, 



(2.36) 



s-l \ s 

r L s+m 



X A 



= 3 • 2 3s ~ 4 - 2^" d for k>s, 



s~l \ s 

s+m 



(2.37) ]Tlj 

i=o 



xfc 



2~ j = 7 ■ 2 2s ~ 4 - 3 • 2 s " 3 for k>s. 
We prove l|2.33p by induction on j . 
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Set 



(2.38) {H s ) rj 



s+m xk i xO'+l) 

= r 



1] if s > j + 1, k > j + 1, m > 0. 



Applying (|2.1|) we get, using successively (|2.31|) for i = 1, 2, 3 



(2.39) 



r 3 


s 

s-\-m 


xk 


i 
i 


x2 

= 7i 


if 


s > 2, ft > 2, m > 


we get IV 


s 

s+m 


xk 

= r, 


2 
2 


x3 

= 72 


if 


s > 3, ft > 3, m > 



(2.41) 







S 

s-\-m 


xk 


3 
3 


x4 


we get 






= r. 




= 73 



= 73 if s > 4, k > 4, to > 



Thus (if,-) [sec (12351) ] holds for j 6 {1, 2, 3} . 

Assume now that (Hj) holds for j G {1, 2, 3, . . . , i — 1} , that is 



(2.42) 

A m 

3 = 1 



s+m 



x k 



x(i+i) 



7j for all 1 < j < i — 1, ft > j + 1, s>j + lm>0. 



From A! ', ; ://,; and (12311 it follows 





s 

s+m 


x(fc+l) 


s 

s+m 






-r, 





xfe 



i + l, k>i + l. 



Hence V 



s+m 



xfc 



= r 



s+m 



= 4 



x(i+l) 



s + (m-l) 
1 i-1 



x(fc+l) 



s+(m-l) 



x fc 



= for all s > 



for all s > z + 1, k > i + l. 



To get (|2.33|) we need only to show that T 
i + l, to > 0. 

To do so we consider the following matrix 



s+m 



x(i+l) 



is equal to T 



x(i+l) 



for all s > 
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Oil 


a 2 


Q!3 


Oti 


ai+i 


a 2 


«3 


Q!4 


O-l+l 


at+2 


a s -i 


Ots 


a s +i 


Ois+i-2 


ats+i-i 


a s 


a s +i 




a s +i-i 


a s +i 


Pi 






Pi 


Pi+i 


fh 


Pa 


Pi 


Pi+i 


Pi+2 



Pm+1 f3 m +2 Pm+3 

Ps+m— 1 Ps+m P's+m+l 
\ Ps+m Ps+m+1 Ps+m+2 



J i J r m 



H+m+1 



Ps+m+i-2 Ps+m+i-1 
Ps+m+i— 1 Ps+m+i 



Using the equations (|2.ip with k = i+1 we obtain 

[ 



(2.43) 



(2.44) 



i+i * 



E r J 

J=0 



x(i+l) 



22i+2s+m+2 



s+m 



E r 

3=0 



[. 



x(i+l) 



and 



2— j 2'^+2s+7n— 1 _i_ 22i 2^~ ^ 



Setting s = i, m = in (l2~l3ll . (f2~4"4"]l we have 



(2.45) 



(2.46) 



1 ,r 



X(i+1) 



4 1 



i+1 i 

E^f 



x(i+l) 



From (I2T431) . d2~44ll . (l2~45)l . (12^461) and A]Z\~ (Hj) we deduce (TO!) 



= 2 
and 

■ 2^ = 2 3 ''- 1 + 2 24 - 2 i ~ 1 . 



In Section 12, using successively the recurrent formula (|2.32p for the difference 



s+ j x(fc+l) s+ j 
S+J X S+J ! 

with < j < s + m, fc > s + j + 1 we deduce 
In the case m G {0, 1} 



xfe 



(2.47) r 



s 
s 


x(fe+l) 


5 
S 


_i_ 


-r 





s+j 



'3 • 2 k+s - 1 if j = 0, k > s, 

21 • 2 k+s+ ^~ i if 1 < j < s - 1, fc > s + j, 

3 . 2 2fc+2s-2 _ 3 . 2 fc+4s-4 if ■ =Sj k> 2Sj 
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(2.48) 



s+l 
s+j 



x(fc+l) 



s+l 

s+j 



'2 k+s - 1 if j = 0, k > s, 

I 11 • 2 k+s - 1 if j = 1, fc > s + 1, 

21 • 2 fe + s + 3 ^ 5 if 2 < j < s, k> s+ j, 

3 . 2 2fc+2s-i _ 3 . 2 fc+ 4s -2 i fj = s + i j fc>2s+l. 



In the case m > 2 



(2.49) r 
(2.50) 



s+m 



x(fc+l) 



-r 



s+m 
s+j 



, | '2 k +'- 1 if j = 0, k>s, 

= { 3 • 2 fc+s+2 ^ 3 if 1 < j < m - 1, k > s + j, 
11 • 2 fe + s+2m - 3 if j = m, k> s + m, 



s-\-m 



x(fe+l) 



s+m 
s+m+j 



xfc J 21 . 2 fc + s + 2m +3j-4 ifl<J<s-l, k>s + m + j, 

| 3 • 2 2fe+2;5 + m - 2 - 3 • 2 k+4s+2m - 4 if j = s, k>2s + m. 



x(fc+l) 



x k 



For instance to compute I/A — j- s+j - 

as follows : 

From ((2321) with m = 0, j = 0, k > s + 1 we get, using ((2331) 



for < j < s — 1 , fc > s + j + 1 we proceed 



(2.51) 



x(fc+l) jj xfc 

r.r j - r., L J = 4 • 



17| X x(fe+i) 



s-1 + 1 



xfc 



s-1 



)fc+S-l 



(2.52) 



r L»-i+i x(fe+1) _ „ 8-1+1 

^S-l _ 1 S-1 



X fc 



4 ■ 



| x(fc+i) 



s-2 



s-1 

s-2 



Xfc 



->fc+s-2 _ ofc+s-2 



From (|23T|) . igUU) we obtain 



(2.53) 



x(fc+l) ? xfc 

r l j -r s L ' J = 4 • 2 k+s ~ 2 + 2 k+s ~ 1 = 3 • 2 fe+s_1 . 



We get in a similar way, using (|2.53p with s — > s — 1 



(2.54) 



s+l 



x(fc+l) J xfc 

-r} + J a = 2i • 2 fc+8_1 . 



Let 2 < j < s - 1, k > s + j. 
By ((2321) we obtain 



x(fc+l) 



x k 



s+j 



s+j 



= 4- 



s-1 
(s-l) + l 

s+j-1 



x(fc+l) 



-r 



s-1 
s-l) + l 

s-l+j 



xfc 



if 2 < j < s - 1, 
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s-1 
(s-l)+l 
s-l+j 



x(fc+l) 



s-1 

(s-l)+l 

s-l+j 



x fe 



s-1 
s-1 



x(fc+l) 



s-1 
s-1 



x k 



s-1+0-1) 



s-1 + 0-1) 



if 2 < j < s - 1 + 1 - 1 = s 



From the above equations we get 



x(fc+l) ° xk 

(2.55) r£J. -r[ 



s+j 



4 2 • 



^ L „:iijx(fc+i) ^zj xfe 

r s-l + (i-l) _ r s-l + 0-l) 



«/ 2 < j < s - 1. 



Using successively (|2.55|) we get from (|2.54|) with s — s- s — j + 1 



(2.56) 



x(fc+l) 



xfe 



s+j 



s+j 



420-1) 



s-j+1) 
s-j+1) 
s-j+2 



X(fe+1) 



s-j+1 
s-j+1 

s-j+2 ' 



xfe 



4 2 (j-!) . 21 • 2 fe + s ~J+ 1 ~ 1 = 21 • 2 k+s+3 ^ 



if 2 < j < s - 1 



In Sections 13, 14, 15, 16 and 17 we compute 
s + j, to > 0. 



xfe 



for < j < S + 777, /« > 



To do so, consider the following array I 
(2.57) 



S+m 



s-\~7n 

4+1 ■ 



x(s+l) 



xk 



s+m 



s-\-rn 

ri+i ' 



x(s+l) 
x(s+2) 



s+m 



s+m 
s+1 



0<j<s+m, fc>s+j 
x(s+2) 
x(s+3) 



s+m 



s+m 
s+1 



xfe 



xfe 



fc > s 
k> s + 1 



s+m x(s+j) 



s+j 



s+m x(s+j+l) 



s+j 



s+m x(s+j+2) 



s+j 



s+m 
s+j 



xfe 



k > s + j 



s+m x(s+m) 



_s+m_ 

s 

s+m 
s+m+1 



X (s+m+1) 



+m X (s+m+1) 



' s+m 
s 

s+m 
s+m+1 



x(s+m+2) 



£ m x(s+m+2) 



s+m 
s 

s+m 
s+m+1 



x(s+m+3) 



s+m 
s+m 
s 

s+m 
s+m+1 



xk 



k > s + m 
fc > s + m + 1 



r 



s+m 



s+m+l+j 



x(s+m+l+j) 



s+m 



x(2s+m-l) 



2s+m-_l 

s 

s+m 
2s+m 



X (2s+m) 



s+m 



X (s+m+2+j) 



s+m 



x(s+m+3+j) 



' s+m+l+j 



s+m 



' s+m+l+j 



X (2s+m) 



s+m 



x(2s+m+l) 



2s+m-l 



s+m 
2s+m 



2s+m-l 



x(2s+m+l) 



s+m 
2s+m 



x(2s+m+2) 



s+m 



X A: 



s+m+l+j 



s+m 



x /, 



2s+m — 1 



s+m 
2s+m 



X A: 



k>s+m+l+ 
A: > 2s + to — 1 
k > 2s + to. 
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xfe 



To compute the elements in the array I r^T? 

by induction on j as follows: 
Let I be a rational integer such that 0<l<s + m — 1 



, we proceed 



0<^<s+m, k>s+j 



Assume that we have computed the elements in the following subarray ( 



xfe 



0<j<l, k>s+j 



Recall that from lf235f . ([233]) T 



s+m 



Xfe 



are known for < i < s — 1, k > i. 



From the first equation in (|2~Tj) with k = s+1+1, Ei=o r 

24s+2i+?n 



s+m 



x(s+Z+l) 



s+m 

we deduce r]- +;+1 
known. 



x(s+i + l) 



s+m 



since the terms r 
From the equations in (|2.1| with fc = s + I + 2 we get 

x(s+;+2) 



x(s+2+l) 



for i < s + I are 



1 2^ti=o 1 % 


s 

s+m 




s 

s+m 



_ 24s+2(+m+2 



x(s+Z+2) 



23s+m+i _^ 2 2s + 2 '+ 2 — 2 s+l 



s+m x(s+l+2) s+ > m x(s+l+2) s + m x(s+l+2) 

We deduce r s L +i+1 J and r s L +;+2 J since the terms r„ 

for i < s + I are known. 



s+m 



Xfe 



Then, from (12.49| or (12.50|) . in the case m > 2, we compute r s+;+1 knowing 

x(s+l+2) 



for all k> s + l + 2. 



s+m 
x s+l+1 

We have now computed any element in the I + 1-th row and the first element in 

1 xfe 



the I + 2-th row in the array I 



0<j<s+m, k>s+j 



From the first equation in (|2.ip with k = s, J2t=o 



s+m 



2 4s+ 



m-2 



s+m 



since the terms T 



s+m 



we deduce T 
(12311 . 

From the equations in (|2.1j) with k = s+1 we obtain 



for i < s — 1 are known by (|2.33[l , 





s 

s+m 




s 

s+m 



X(s+1) 



24s+r ( 



x(s+l) 



. 2 _i = 2 3s+m " 1 + 2 2s - 2 s 



s+m 



We deduce T 
i < s — 1 are known 



x(s+l) 



s+m 



and T S L +1 



x(s+l) 



since the terms T 



Then, from (|2.49[) in the case m > 2 with j = we compute T 
k> s+1. 



s+m 



s+m 



x(s+l) 



for 



xfe 



for all 
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We have now computed any element in the subarray ( 1^^" 
0. 

• From the equations in (|2.1j) with k = s+ 2, we have 

x(s+2) 



xA: 



with I 



0<j<l, k>s+j 





s 




s+m 




s 

s+m 



x(s+2) 



s+m 

We deduce T S L +1 
i < s are known. 



x(s+2) 



and T 



24s+m+2 
2 — i 2^s+m _|_ 22s+2 2 s 

x(s+2) 



s+m 
s+2 



since the terms T 



s+m 



x(s+2) 



for 



s+m 



Then from (|2.49| in the case m > 2 with j = 1 we compute r s+1 

x(s+2) 



x A; 



knowing 



s+m 

r s L +i 



for all k> s + 2. 



We have now computed any element in the subarray I r^^" 
1. 



xA: 



with I 



0<j<l, k>s+j 



• From the equations in (|2.1[) with k = s+ 3, we get 

x(s+3) 





s 




s+m 

s 




s+m 



24s+m+4 



x(s+3) 



• 2~ l = 2 3 



s+m+l _|_ 22s+4 _ 2 S +1 



We deduce T 
i < s + 1 are known. 



s+m 
s+2 



x(s+3) 



and T 



s+m 
s+3 



x(s+3) 



since the terms T 



Then from (|2.46|) with j = 2 we compute T 
all k > s + 3. 



s+m 



X A: 



s+m 



s+m 



x(s+3) 



for 



+2 knowing r s L +2 



x(s+3) 



for 



(2.58) 



We have now computed any element in the subarray I 
with I = 2. 

Further we deduce that 

x(fe-l) 



xk 



0<j<2, k>s+j 



s+m 
s+2 



xfe 



= 8 • r s L +1 



s+m— 1 



for k > s + 2, m > 2. 



xA- 



• To compute the elements in the subarray IT-^ 1 

by induction on j. 
To do so, let I be a rational integer such that 2 < I < m 



we proceed 



2<j<m, k>s+j 



s+m 

Assume T^ +j 
I - 1, k > s+j. 



xk 



= a*'" 1 • r^ +1 

(ifi-i) holds for I = 2 and for I = 3 by (j2~551) 



«+(m-0-l)) 



x(fe-a-i)) 



for 1 < j < 
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To establish (Hi) we need only to show that 



(2.59) 



s+m 
s+2 



X /,: 



s+(m-(/-l)) 



x(fc-(i-l)) 



■r s L +1 " ' " J for k>s + l. 

In the case fc > s + I we proceed as follows: 

From the equations in (|2.1jl with = s + I + 1, we have 





s 




s+m 
s 




s+m 



x(s+Z+l) 



x(s+/+l) 



2~i — 23s+m+/-l _j_ 22s+2/ _ 2 S +'— 1 



We deduce T 



s+m x(s+i+l) s+m 

s+; an dr s+;+1 
for i < s + I — 1 are known. 



x(s+/+l) 



since by (if;_i) the terms T 



s+m 



x(s+/+l) 



s+m 

s+; 



Then from (|2.49[) with j = I we compute T 
(l2~59l follows. 
The case k = s + I is obtained in a similar way. 



X k 



for all k > s + Z + 1 and 



/ [ 3 lxfc 

• To compute the elements in the remaining subarray I T s s _^™_l_ 1+ j 
we proceed still by induction on j. 

Let j = 0, a similar proof of (|2.58|) gives the following identity: 



0<i<s-l, k>s+m+l+j 



s+m 



X k 



x (fc— m) 

Tl,\ for k > s + m + 1. 



(2-60) . s+m+1 _ u -. s+1 

Let Z be a rational integer such that 1 < I < s — 1 



s+m 



Xfc 



' s+m+l+j 



s-j+1 



Assume (-ffz-i) T 
s + m + 1 + j. 
From Igjgnp holds for / = 1. 

To establish we need only to show that 



X (fc — m— 2j) 



for < j < l-l, k > 



(2.61) 



s+m ^ ^ 
s+m+l+( 



5 2i+m 



s-i 
s-l 

s-l+1 



x(k-(l-l)) 



for /c>s + to + 1 + Z. 



In the case fc>s + m+ l + !we proceed as follows : 
From the equations in (|2.1j) with k=s + m + l + 2, we get 



Es+m+i+2 j-, 
i=0 1 

i=0 



We deduce T 



s+m 



s+m 



x(s+m+;+2) 



x(s+m+i+2) 



_ 24s+3m+2(+2 



2~i — 23s+2m+; _|_ 22s+2m+2;+2 _ 2«+ro+Z 



s+m 



x(s+m+i+2) 



s+m+J+1 



and T 



s+m 



s+m+Z+2 



x(s+m+i+2) 



since by the terms 



s+m 



X (s+m+i+2) 



for i < s + to + Z arc known. 
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x(s+m+2+2) 



s+m+l+1 



Then from (|2.50|) with j — I knowing T, 
for all k > s + m + 1 + 1 and (|2"l)Tj) follows. 
The case k = s + m + I + I is obtained in a similar way. 



s+m 



Xfc 



we compute r s L +m+ J ;+1 



3. STATEMENT OF RESULTS 
Theorem 3.1. Let q be a rational integer > 1, then 

(3.1) 

<?fc, s ,mM=s(t,r?)= E E E E(r,YU) = 2 

degY <k — l degZ <s — l degU<s+rn—l 



s + m Xfe 

2s+m+fc-r(L>L J (t,r))) 



(3.2) 



PxP 



inf (2s-}-m,fc) 

^dtdn = 2( 2 -+™+ fe )(9- 1 ) . 2 - fc + 2 • r 



X A; 



■ 2 



-</' 



i=0 



Theorem 3.2. Let s > 2, m > 0, fe > 1 and < i < inf (2s + m, fc). TTien we have 



s+'m 



Xfc 



i/ie following recurrent formula for the number J of rank i matrices of the form 

[■g-1 , such that A is a s x k persymmetric matrix and B a (s + m) x k persymmetric 
matrix with entries in ¥2 '■ 

(3.3) 



s+m 



Xfc 



2 r 



s-l 
s-l+(m+l) 

i-1 



Xfc 



4-r 



s+(m-l) 
i-1 



Xfc 



s-1 
s— 1+m 



Xfc 



s+m 



xfc 



where the remainder A 



s+m 



Xfc 



is eowaZ to 



(3.4) 

Recall that 



xfc 



xfc 



xfc 



3 " Cj-l^-l^-l + 2 • 0"j_ 2 j_2,i-2 



Xfc 



is egi/aZ to the cardinality of the following set 

\(t, V ) 6 P/Pfc+ s -i x P/P fc+s +m-i I rp[ sA + m ] yk (t, V )) = rpk™- 1 ] * k (t, V )) = r(£>[ s + m ] xk (t, V )) = i] 
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Theorem 3.3. Let s > 2 and m > 0, we have in the following two cases : 
The case l<fc<2s + m- 2 



(3.5) 



Am 



xfc 



1 

< 1 1 

4-r 



s-l 

s — 1+m 



s-l 
s — 1+m 



r, 



s-l 
s — 1+m 

i+1 



x(i+l) 



i/i = 0, fc>l, 
if 1 < i < k - 1, 
if i = k. 



The case k > 2s + m — 2 



(3-6) 4.. 



X fc 



1 

= < 4 • r 
4-r. 



s — 1+m 

s-l 
s — 1+m 

2s+m-2 



s-l 
s — 1+m 

i+1 



x(2s+m-2) 



x(i+l) 



ifi = 0, 

if 1 < i < 2s + to - 3, 
if i = 2s + m — 2. 



Theorem 3.4. Tfte remainder A 



s+m 



xfc 



m f/ie recurrent formula is equal to 



(3.7) 
1 



4-r} 
4-r 
7-r 
7-r 
7-r 
7-r 
7-r 
-14 -r 



s-l 

s— 1+m 



s-l 
s— 1+m 



s-l 

s— 1+m 



s-l 
s— 1+m 



s-l 

s— 1+m 



s-l 
s — 1+m 



xl 



x2 



s-l 
-1+m 



x2 



12 -r 



12 -r 



s— 1+m 



s— 1+m 



u.rL_f r+1 - 

s-l 



xl 



x(i-l) 



s — 1+m 



x3 



+ 2 



+ 8-r 



s-l 
s— 1+m 



• r 



s-l 
s — 1+m 

2s+m-2" 

s-l 

s — 1+m 

2s+m-2' 

s-l 
s — 1+m 

2s+m-2" 



- 14 • r 

x(2s+m-2) 



s — 1+m 
i-1 



x(i-l) 



s — 1+m 
i-1 



- 14 • r 

x(2s+m-2) 



+ 8-T 



s-l 
s — 1+m 

2s+m— 3 

s-l 
s— 1+m 

2s+m — 3 



+ 8-r 

x(2s+m-3) 



x(i-2) 



x(i-2) 



s-l 
s — 1+m 

i+1 



x(i+l) 



s-l 

, O r L s - 1+m 
"T ' 1 2s+m-4 



x(2s+m-4) 



x(2s+m-3) 



x(2s+m-2) 



Theorem 3.5. VFe Ziawe 

(3.8) A, 

(3.9) A 



ifi = 0, k > 1, 
ifi = l, k> 2, 
ifi = l, k = 1, 
i/i = 2, fc > 3, 
i/i = 2, fc = 2, 

i/3 < i < 2s + m - 3,fc > i + 1, 
if 3 < i < 2s + m — 3, fc = i, 
j/ i = 2s + m — 2, fc > i, 
if i = 2s + to — 1, k > i, 
if i = 2s + to, fc > i. 



s+m 




S 

s+m 


x(i+l) 




= A, 






s 

s+m 


xfc 


s 

s+m 


xi 


i 


= A, 







for i e [0, 2s + to - 3], fc > i + 1, 



/or i G {2s + to — 2, 2s + to — 1, 2s + to} , k> i. 



Theorem 3.6. VFe have for all to > 
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s 

s+m 


x(k+l) 


s 

s+m 


x A; 




-r. 




= 



(3.10) r 

We /iawe m £/ie cases m G {0, 1} 



(3.ii) r 

(3.12) 



x(fc+l) 



+1 

s+j 



'+3 



x(fe+l) 



■r. L 



xfe 



s+1 
s+j 



'3 • 2 k+s - 1 if j = 0, k> s, 

2i . 2 fe+«+3j-4 ifl<j<s-l, k>s + j, 

3 • 2 2fc+2;s - 2 - 3 • 2 fc+4;s - 4 if j = s, k> 2s, 



2 k+s - 1 if 3=0, k> s, 

I ll^^ 8 " 1 if j = l, k>s + l, 

21 . 2 fe+s+3i-5 if2<j<s, k> s + j, 

3 . 2 2fc+2 S -i _ 3 . 2 fc+4s-2 ? - = s + i ; fc > 2s + 1. 



In the case to > 2 



• fm x(fc+l) s+m x ^ 

(3.13) r s L + . J -r. 



s+j 



'2 k+s - 1 if j = 0, k > s, 

3 . 2 k+ s +2j-3 if 1 < j < m - 1, k> s+ j, 

n . 2 fc+s+2m-3 tfj = m ^ k> S + m, 



(3.14) 



s+m 
s+m+j 



x(fc+l) 



-r 



s+m 
s+m+j 



xfe j 21 . 2 fc+s+2m+3j-4 «/l < j < S - 1, fc > S + TO+j, 

" | 3 . 2 2fe+2s+m-2 _ 3 . 2 fe+4s+2m-4 ^ ■ = ^ k > 2 S + m. 

Theorem 3.7. We have for m > 1 



(3.15) 



s+j 



s+m xfc . , s+(m-(j-l)) x(fc-(j-l)) 

J _ gj-l . pL ^ u 



s+1 



ifl<j<m, k> s+ j, 



(3.16) 

r 



s+(m-(j-l)) 
s+1 



x(s+l) 



2 4s+(m-(j-l)) _ 3 . 2 3s-l + 2 2s-l ^ 1 < j < TOj k = S+ j, 



(3.17) 

ls+(m-(j-l)) 
1 s+1 



x(fc-(j-l)) 



= 3 • 2 fe - J+s + 21 • [2 3 "- 1 - 2 2 "- 1 ] if I < j < m - 1, k > s + j, 



(3.18) 



s+1 
s+1 



x(fe-(m-l)) 



= 11 • 2 k - m+s + 21 • 2 3 "- 1 - 11 • 2 2 "- 1 if j = to, k> s + m. 



Theorem 3.8. We have for m > 
(3.19) 



s+m 



xfe 



s+m+l+j 



8 2j 



+m 



8- 3 
8-3 
s-j+1 



x (fe— m— 2j) 



if < j < s - 1, k> s + m + l+j, 
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(3.20) 



s-j 

8-j+l 



x(s-j+l) 



2is-ij _ 3 _ 2 3s-3j-l _|_ 2 2s-2j-l 



«/ < j < s - 1, fc = s + m+ 1 + j, 



(3.21) 



s-j+1 



x(fc— ro— 2j) 



= 21 • p*-" 1 - 3 ^ 8 - 1 + 2 3s - 3 J'- 1 - 5 • 2 2s " 2j '- 1 ] i/ < j < s - 2, ft; > s + m + 1 + j, 



(3.22) 



x(fc-m-2s+2) 



22(fc — m)— 4s+4 _ 3 _ m — 2s+2 _|_ 2 



i/ j = s — 1, k > 2s + m. 



Theorem 3.9. We have 



(3.23) 



Xk 



= < 



1 ifi = 0, k > 1, 

21 • 2 3j - 4 - 3 • 2 2j - 3 i/1 < * < s — 1, fc > i, 

3 • 2 fc+s - 1 + 21 • 2 3s ~ 4 - 27 • 2 2s ~ 3 ifi = s, k > s, 

21 • [2 fc -2s+3»-4 + 2 3»-4 _ 5 . 2 4i-2 S -5] j/ s + 1 < j < 2s - 1, fc > z, 

2 2fe+2s-2 _ 3 . 2 fc+4s-4 + 2 6s-5 if i = 2s, k> 2.S. 



Theorem 3.10. We have 



(3.24) 



j XJ J 2 2s+2i-2 _ 3 . 2 3*-4 + 2 2*-3 if 1 < i < S, 

Tl = \ 2 2s + 2 «-2 - 3 • 2 3 *- 4 + 2 4j - 2s - 5 if s + 1 < i < 2s. 



Theorem 3.11. We have 



(3.25) 



r 



s+l 



xfe 



1 

21 • 2 3i ~ 4 - 3 • 2 2 *~ 3 

2 fe+ s -i + 2i . 2 3 *-4 _ ii . 2 2s - 3 

11 • 2 fc+s - 1 + 21 • 2 3s - 4 - 53 • 2 2s - 4 

21 • [2^~ 2s+3« — 5 _j_ 23^—4 _ 24« — 2s- 

22fc+2s-l _ 3 . 2*=+4s-2 _|_ 2 6s ~ 2 



ifi = 0, k> 1, 
zfl<«<s — 1, k > i, 
if i = s, k > s, 
if i = s + 1 , k > s + l, 
ifs + 2 < i < 2s, k>i, 
ifi = 2s + 1, k > 2s + 1. 



Theorem 3.12. We have 



X* _ J 2 2s+2i-l _ 3 . 2 3^-4 + 2 2i-3 ifl<i< S +l, 

[A ' 2i " 1 ' ~~ |2 2s+2j - 2 _ 3 . 2 3 *- 4 + 2 4 *- 2s - 6 ifs + 2<i<2s + l. 



Theorem 3.13. We have for m > 2 
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(3.27) 



s-\-m 



xk 



fi 

21 • 2 3i ~ 4 - 3 • 2 2i ~ 3 
2 fe+s-i + 2i . 2 3s - 4 - 11 • 2 2s ~ 3 
3 . s+2«— 3 _|_ 2i . ^2^—4 — s — 4] 



ifi = 0, fc > 1, 
«/l<i<s — 1, A: > i, 
if i = s, k > s, 

ifs+l<i<s + m— 1, k > i, 



11 . 2 fc+ s +2m-3 + 21 . 2 3s+3m-4 _ 53 . 2 2 s +3m-4 if i = s + m , k > S + m, 

21 • \2 k - 2s+3l - m - 4 + 2 3l ~ 4 - 5 • 2 4l - 2s - ,n - 5 } if s + m + 1 < i < 2s + m - 1, fc > i, 

k 2 2fc + 2;s + m - 2 - 3 • 2 k+4s+2m - 4 + 2 6s+3m - 5 ifi = 2s + m, k> 2s + m. 

Theorem 3.14. We have for m > 2 



(3.28) 

{ 2 2s+2i+m-2 _ 3 . 2 3i-4 + 2 2i-3 if 1 < i < S + 1, 

2 2s+2i+m-2 _ 3 . 2 3i-4 + if S + 2 < i < S + TU + I, 

2 2s+2i+m-2 _ 3 . 2 3i-4 + 2 it-2s- m -5 if s + m + 2 < i < 2s + m. 

Theorem 3.15. We denote by R q (k,s,m) the number of solutions 
(Yi, Z\,U\, . . . ,Y q , Zg,U q ) of the polynomial equations 

f Y X Z X + Y 2 Z 2 + ... + Y q Z q = 0, 
1 Y 1 U 1 +Y 2 U 2 + ... + Y q U q = 0, 

satisfying the degree conditions 

degYi < fc — 1, degZi < s — 1, deg£/i < s + m — 1 /or 1 < i < q. 



Then 



(3.29) R q (q,k,s,m) = g q k s m (t,n)dtdn 

JFxF ' ' 



inf (2s+m,/c) 
_ 2(2s+m+fe)(g-l) _ 2-fe+2 . p 



xfe 



2 -qi 



i=0 



Example. Let q — 3, k = 4, s = 3, m = 2. Then 



3 

3+2 



x4 



f 

1 


Mi 


= o, 


9 


if i 


= 1, 


< 78 


if i 


-2, 


648 


Hi 


= 3, 


15648 


if i 


= 4. 



Hence the number J?3(4, 3, 2) of solutions 

(Yi, Zi, f/i, Y 2 , Z 2 , U 2 , 13, Z3, Us) of the polynomial equations 

Y\Z\ + Y 2 Z 2 + I3Z3 = 0, 
Y 1 f/ 1 + Y 2 f/ 2 + Y 3 C/ 3 = 0, 

satisfying the degree conditions 



cfegY, < 3, degZi < 2, cfeg[/ 4 < 4 for 1 < i < 3 



is equal to 
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4 r 3 

[3+2 



Jrxr l=Q 



-3i 



= 2 22 • [1 + 9 • 2~ 3 + 78 • 2~ 6 + 648 • 2~ 9 + 15648 • 2~ 12 ] 
= 35356672. 

Example. Let q = 4, k = 6, s = 5, m = 0. Then 



x6 





if i 


= 0, 


9 


Hi 


= 1, 


78 


Hi 


= 2, 


648 


Hi 


= 3, 


5280 


Hi 


= 4, 


42624 


Hi 


= 5, 


,999936 


Hi 


= 6. 



Hence the number i? 4 (6, 5,0) of solutions 

(Yi, Zi, U\, Y2, Z2, U2, Y 3 , Z 3 , Us, Y 4 , Z4, U 4 ) of the polynomial equations 

Y 1 Z 1 + Y 2 Z 2 + Y 3 Z 3 + Y 4 Z 4 = 0, 
YxUx + Y 2 U 2 + Y 3 U 3 + Y 4 U 4 = 0, 

satisfying the degree conditions 

degY, < 5, degZi < 4, degU l < 4 for 1 < i < 4 



is equal to 

54,5,0 (t, Tl)dtdT) 



PxP 

6 ("5 

2".£lf 

i=0 



x6 



-4t 



2 44 • [1 + 9 • 2~ 4 + 78 • 2~ 8 + 648 • 2~ 12 + 5280 • 2~ 16 + 42624 • 2~ 20 + 99 9 9 36 • 2~ 24 ] 
37014016 • 2 20 . 



Example. The fraction of square double persymmetric 

]x(2s+m) 



s+m 



x (2s + to) matrices which 



are invertible is equal to 



1 2s+m 



v^2s+m r [ s+m Jx(2s+m) 8 

4. EXPONENTIAL SUMS FORMULAS ON IK 2 

In this section we compute exponential quadratic sums in P 2 and show that they only 
depend on rank properties of some associated double persymmetric matrices. The fol- 
lowing propositions are proved in [2]. 



Proposition 4.1. The following holds : 

• For every rational integer j, the measure o/Pj is 2~ J . 

• For every A G F 2 [T], E(A) = 1. 

• ForueK u(u) > 2 => E(u) = 1. 
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Proposition 4.2. Let j be a rational integer and u G K. Then 

E(ut)dt = 

Proposition 4.3. Let j be a rational integer and let u 6 K. Then 



2 1 if y{u) > -j, 
otherwise. 



E = 



2^" +1 i/ ^({ M })>j + 1, 
otherwise. 



Lemma 4.4. Let Y G F2P 1 ] and a a rational integer > 1. Then 



E = { 



2 a if v({tY})>a, 
otherwise. 



degZ<a 

Proof. The Lemma follows from the Proposition 14.31 with u = tY and j = a -1. 
Lemma 4.5. LetteP and Y G F 2 [T], tfegF < 6 - 1. T/ien 

1/ ({tY}) > a Y G ker£) ox6 (t). 



□ 



Proof. Let V = V b lJ 7j !P' , 7j G F 2 . Then 



tY = (E a t T-*)C£ ljT j ) = EE "i7jT"^ 

3=0 i>l j=0 



i>l 



and 



'6+1 



'b+a—l 



{tY} = E «<7<-x P 1 " 1 + E ^7-2 r- 



E «i7i-a T' 



\i=2 



Therefore v({tY}) > a if and only if 



Oi2 «3 ^4 015 CCq 



«a «a+l «a+2 &a+3 Cta+i 



OLb+a-1 



7o 




" " 


7i 







72 







73 







74 







. 76-1 




_ _ 



( 70 \ 






f 70 \ 


7i 







7i 










V 76-1 / 


w 




V 76-1 / 



D a xb(t) 



Lemma 4.6. Let (t,n) G P x P. Then 
(4.1) 

s(M) = E E E E( V YU) = 2 

degY <k — l degZ<s—l degU <s+m— 1 



G KerD axb (t). 



a 



2s+m+k-r(Dl 



(t,v)) 
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Proof. By lemma 14.41 and lemma 14.51 we obtain with a-»s and b — > k 

53 E(tYZ) = 2 s if and only if Y E ker D sxk (t). 

degZ<s—l 

Similarly with t —> 77, a — ► s + m and b k we get 

5] Sfaytf) = 2 s+m if and only if Y e kcv D (s+m)xk (n). 

degU<.s-\-m—l 

We then deduce 

£(tFZ) 53 E(nYU) = 2 2s+m if and only if Y 6 ker ZH J (t,??) 

degZ<s — l degU<.s+m—l 

and we obtain 



_ n2s+m r,l!-r(Di ,+ T'(t,ij)) 



53 53 E(trZ) 53 SfaYET) = 2 2s+m 53 1 = 2 2s+m -2 

degY<k-l degZ<s-l degU<s+m-l de g Y<k-l 

L+ml xk 

rekcrDL J (t,Tj) 

□ 

Lemma 4.7. Le£ (t, 77) ePxP and set 

91 (*,»?)= E E E w^)- 

degY <k — 1 degZ— s— 1 degU<~s-\-m— 1 

TTien 
(4.2) 

!„ , ,, , «+"> x fe ,. s+m xfc s+m xfc 

otherwise . 
Proof. We have 

si(*.»?)= E E E{ - tYZ ) E w^)- E E E{ t YZ ) E ^(^)- 

degY<k— 1 degZ<s — l degU<s-{-m — l degY<k—l degZ<s — 2 de(?t/<s+m— 1 

By (|4~Tj) we obtain 



^(t n) — 2 2s+m+k ~ r(D (t,j7)) _ 22s+m+fe-l-r(£>L J (t jJ7 )) 

Now either 

s+m xfc s+m xfc 



r(£>L J (t,r?))=r(£>L J (*,,,)) 

s+m xfc s+m Xfc 

r(Dl J (t,»j))=r(Z>L J (t, »/)) + !. 



Lemma 14.71 follows . □ 
Lemma 4.8. Let (t, 77) e P x P and set 

92(t,v)= E E E{ * tYZ ) E w^). 

degY <k — 1 degZ<s — 1 degll=s— l+rn 

/i(*^)= E E E 

degY <k— 1 degZ—s — 1 degU <~s — 2-\-m 
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H*,V)= E E E ^ tYZ ) E E( V YU). 

degY<k-l degZ<s~2 degU=s— 2+(m+l) 

Then 
(4-3) 

{„ , , , , , „ \a+m \xk \s+m \xk \s+(m-l)\xk 

2 2 s+m+k -X-r(Dl \ (*,„)) ifr{D [ j it>r])) = r{D [ >\ 
otherwise, 



(4.4) 
/l (*,»?) 
(4.5) 



22s+m+fe-2-r(n 





-i+m|xfc |s-l+m|>.v I s+(m-l) I A 

(*■")) ifr(Dl J (t )?7 )) = r (uL J (*,??)), 



otherwise, 



f 2 (t,v)^ {2 2s+m+k - 2 - r{D 





(t,»7)) jf r (£) 

otherwise 



x k 



\t, V ))=r(D 



s-l + (m+l) 



xfe 



Proof. Similarly to the proof of Lemma l4.7l 



□ 



Lemma 4.9. Set (i,r?) = (£j>i OfT - *, Y,j>i PjT~ j ) G P x P and Y = <S, r* £ 
F 2 [T], de.gr < fc - 1. 
Then 



1 ELl( Q s+3 + Ps+m+j)5j = 0, 



(4.6) EiYitT 3 - 1 +r l T s+rn - 1 )) = l~ v 



Proof. We have 



y^T 8 " 1 + ryT^" 1 - 1 ) = E <^ 



Now 



fe-i 

E 

j=0 



E a t T- 4 • T 8 - 1 + E AT 1 "' • T s+ro - x 



;>i 



fc-i 



!>1 



J'=0 



fc-i 



i/ ({y^t*- 1 + ?7 r s + m - 1 )}) > i <=► £>. +i + /Wwto = o, 



fc-i 



which proves Lemma [ 
Lemma 4.10. Let (i,tj)ePxP and set 



□ 



Ht,v)= E E E E( V YU). 

degY <k — l degZ—s—1 degU—s-\-m—l 
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Then 
(4.7) 



(*>»?)) if r (£) 

otherwise . 



s — l+m xk 



\t,r))) = r(D 



Xk 



h(t,T)) — < 22s+m+fe-2-r(_DL 
^0 

Proof. We have by the proof of lemma 14.61 and equation (|4.6p 

h (t,v)= E E E ^ yf/ ) 

degY <k — 1 degZ—s — 1 degU =s+m— 1 

= E EiYitT*- 1 +r } T s+m - 1 )) E E ^(^t 7 ) 

degY<k-l degZ<s-2 degU '<s+m-2 

= 2 2 S +m-2 ^ EiYitT 3 - 1 +r]T s+m - 1 )) 



degY<k-l 

3 — 1 I 
-1+TTl X fc 



E 



degY<fc-l 

xfc 



E 

degY<fc-l 



YekerDL" iT "*J " " (t,rj) YGkerDL J (4,77) 



= 2^ 



2 2s+r 



E 

degY"<fc — 1 



E 



1 - 



E 

degr<fc-l 

!fl [^-x], 



1 - 



(*.»)) 



E 

degY"<fc — 1 

8 — 1 



o2s+m— 2 



2 • 2 fc - r (- D 



s + m-1 



(t,v) 



degV^fc-l 
s + m-1 X fc 



(t,»7)) _ 2 *-r(23 



which proves Lemma 14.101 

Lemma 4.11. Let (t, rf) 6P x P and sei 



□ 



m*,»7) = E E E ^ yc/ )> 

degY <k — 1 degZ—s—1 degU=s-\-m — l 

v ^"n)= E E E B (?7 FC/ )> 

iiegY<fc-l degZ<s-2 degU<s+m-2 

am = E E E 

degY <k— 1 degZ—s — 1 degU<~s-\-m— 2 
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h(t,v)= E E E ( tYZ ) E E{ V YU). 

degY<k—l degZ<s — 2 degU—s+m—1 

Then we have 

(4.8) h q (t, rj) = h(t, rj) ■ v q -\t, rj) for every rational integer q > 2, 

(4.9) fl (t, 77) = /i(t, 77) ■ u <?_1 (t, 77) /or every rational integer q > 2, 

(4.10) /| (t, 77) = rj) • w 9_1 (t, 77) /or every rational integer q > 2. 
Proof. We get obviously 

/i 2 (t,77) = [2 2s+m - 2 ^ J B(yi(tr s - 1 +7 ? r s+m - 1 ))]-[2 2s+m - 2 ^ £(Y 2 (tT s - 1 +7 7 T s+m - 1 ))] 

degY~ 1 <k-l degY 2 <k-l 

L-l+m Xi s-l + m Xfc 

YlGkcrm J Y 2 €kcr Dl J 

We set 

r yi + y 2 = y 3 de^^fe-i, 
\ y 2 = 14 de ff y 4 < fe - 1. 

Then we obtain 

h 2 (t, rj) = 2( 2s+m ~ 2 ) 2 E ^(( y 4 + y 3 + y 4)(iT s - 1 + i/T^" 1 " 1 )) 

degY3<fc-l degy 4 <fc-l 

r s -i i r 8-1 1 

s — 1 + m x fc s — 1+m X k 

Y3 Gker Z3 L J Y A Gkcr Z> L J 

= ^ 2 2s+m-2 £ E(Y 3 (tT s - 1 + 7 ] T s+m - 1 ))] ■ [2 2s + m - 2 E 1] 

degY3<fc-l degY 4 <k-l 

r 8-1 1 r s-i 1 

s — 1 + m xfc s — 1 + m xfc 

= h(*,*7) • v(t,rf). 

By recurrence on q we get h q (t, rj) = h(t, rj) ■ w 9_1 (t, rj). 

The proof of (|4.9p and (|4.10p is similar to the proof of (|4.10|) . that is 
fl{t,rj) = [2 2s+m - 2 E EiYttT 3 - 1 )]-^" 1 " 2 E ^C^tT* -1 )]. 

degii<fe-l degy 2 <fc-l 

r 8-1 1 r 8-1 1 

s— 1 + m xfc s-l+m| xfc 

^ekcroL J Y 2 e\ici Dl 

We set 

f Y 1 + Y 2 = Y 3 degY 3 <k-l, 
\ Y 2 =Y 4 degY 4 < k - 1. 

Then we obtain 

/ 2 (t,?7) = 2 ( 2s+m - 2 ) 2 E E EiYstT*- 1 ) 

degY 3 <k-l de g Y 4 <k-l 

[ 8-1 1 [ 8-1 1 

s — 1 + m X fc s — 1 + m | X fc 

Y3 Gker D L -I Y4 Gkcr D L 
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= [ 2 2 S+m -2 E(Y 3 tT s ~ 1 )] ■ [2 2s + m ~ 2 !] 

degY 3 <k-l degY 4 <k-l 

\ s-1 ] [ s -l 1 

s — 1+m xfc \s — l + m\xk 

^SkoruL J Y 4 e~kcr D>- 

= fi(t,v) ■ v(t,rj). 
By recurrence on q we get respectively 

f?(t,r l ) = f 1 (t,r ] )-v«- 1 (t,r ] ), 

fZ(t,7 1 )=f 2 (t, V ).V«- 1 (t, V ). 

Lemma 4.12. Let (t, n) € P x P and q > 2 , then we have for 1 < i < q — 1 



□ 



(4.ii) /jvr 8 - /i7i~* - 



otherwise, 



(4.12) V(t, *?)/?-*(*, »/) = h\t, V )fr\t, V ) 

is equal to 



(4.13) 

I 



j 2q -(2s+ m +k-2-r(Dy mU ] Xk \^,, ... . ,J- ■'■'■'!•-' . . . ,J » + | W... , , 7 +V«h' 



2 ,. (2s+m+fe - 2 - r (fll J (*,,))) t/r(jD L j ( tj ^)) =r (£)L 'J (t,^))= r (£)L J (t,r?)), 

otherwise. 



Proof. We have 

fi(t,ri)h(t,r)) = [2 2s+m - 2 ^ S^i^T 8 " 1 ))] • [ 2 2s+m ' 2 ^ iS^^T 8-1 + 7?T s+m_1 ))] 



s — 1+m xfc s — 1+m xfc 

L J y 2 ekerr>L J 

2 ( 2s +m-2)2 E(t(Y 1 + Y 2 )T s - 1 )E(r 1 Y2T s+m - 1 ). 

degY 1 <k-l degY 2 <k-l 

s-l + m xfc s-l + m xfc 

£>L J VoekcroL J 



Y~l ekcr D L J Y" 2 €ker Z? 

We set 

' Y 1 + Y 2 = Y 3 degY 3 <k-l, 
Y 2 = Y A degY 4 <k — l. 

Then we obtain 

fi{t,rj)h(t,ri) =2 {2s+m ~^ 2 J2 J2 E(tY 3 T s - 1 )E{r ! Y 4 T s+m - 1 ) 

degY 3 <k-l degY 4 <k-l 

\ s-i i r s -i ] 

s — 1 + m xk s — 1 + m xk 

r 3 Gker D L J V 4 €ker D L J 

= ^ 2 2 S+m -2 EitYsT 3 " 1 )] ■ [2 2s+m ~ 2 E{r ] Y A T s+m - 1 )} 

degY 3 <k-l degY 4 <k-l 

r s-i i r s -i i 

Is — 1+m Xfc s — l+m|xfc 

V^SkeroL J Y 4 £kerDl 

= fi(t,rj) ■ h(t,rj). 
In the same way we get 
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f2(t,r,)-h(t,r,) = f 1 (t,r,)-f 2 (t,ri). 

Then 



(4.14) f 1 (t,r l )-h(t,r l )=f 2 (t,r ] )-h(t,r l )=f 1 (t,r ] )-f 2 (t,r l ). 
By respectively (l4~8|) . ([Pj) and (|4.10p we deduce 

\ if h ^0, 



(4.15) 



otherwise, 



(4.16) 



« if/i/0, 
otherwise, 



(4.17) 



v if/ 2 /0, 
otherwise. 



Now by dUlD , (|gSD , P~l"6j) and (|4TT7]) we have for 1 < i < g - 1 



(4.18) ^/r i = /i7| _< 



otherwise. 



Finally from ([Pj) . (f4~5ll and (j4~T8j) we deduce (j4~T3j) . 

Lemma 4.13. We denote by R q (k, s,m) the number of solutions 
(Yi, Z±, U\, . . . , Yg, Z q , U q ) of the polynomial equations 

YtZx + Y 2 Z 2 + ... + Y q Z q = 0, 
Y 1 U 1 + Y 2 U 2 + ... + Y q U q = 0, 

satisfying the degree conditions 



□ 



degYi < k — 1, degZi < s — 1, degUi < s + m — 1 for 1 < i < g. 



Then 



(4.19) 



R q (k, s, m) 



inf(2s+m,fc) 
2(2s+m+fc)(g-l) . 2- fc + 2 . F 

i=0 



Proof. We have by (|4.ip observing that g(£, 77) is constant on cosets of I 



k+s-l K^k+s+m-l 



g q {t 1 r ] )dtdr l = ^ 

(t,r,)GP/P fc + s _! xP/P Hs+m _! 
inf (2s+m,/c) 

- E E 

»=o (*,? ) )eP/P fc+s _ixP/p )c+s+m _ 1 



2g(2s+m+fc-r(I5r + " l J Xk (t,r 1 )) 



dt I dtdrj 



dtdrj 



inf (2s+m,/c) 

E r 

i=0 



s-\-ra 



xk 



□ 
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5. A RECURRENT FORMULA FOR THE NUMBER T\" +m > xk OF RANK 
i MATRICES OF THE FORM [|] , WHERE A IS A s X k 
PERSYMMETRIC MATRIX AND B a (s + to) X k PERSYMMETRIC 
MATRIX WITH ENTRIES IN F 2 

In this section we establish a recurrent formula for the number of rank i matrices of 
the form [■g] , where A and B are persymmetric. 



Lemma 5.1. We have 
(5.1) / gl(t,r])dtdri = 



v q {t,r])dtdr] + / v q (t,r))dtdri 

{(t^)eP 2 \h(t., V )^Q} J {(t,)7)eP 2 |/i(t,77)#0} 



+ (2» - 2) • / w«(t, 

J{(t,7 ) )GP 2 |/i(t,T ; )-/ 2 (t,r,)#0} 



rj)dtdr/. 



Proof. By the binomial theorem we obtain 



9-1 



(5.2) 



9? = (^+/i) g = ^+/f+E p-A 9 



i=l 



By integrating (|5.2[) on the the unit interval of K 2 and using (|4.15[) . (|4.16|) and (|4.9|) we get 
(5.3) 

/" gl{t, V )dtd V = f (h + hy(t,n)dtdri 
p 2 Jp 2 

= f h*(t,Tt)dtdn+ [ ff(t, v )dtdv+ [ y2( q )h i (t, v )-fr\t, v )dtdr ] 
jp 2 jp 2 j p2 t=i 

= / v q (t,ri)dtdri + / v q (t,r))dtdr] 

J{(t, n )&P 2 \h(t, v )^o} •/{(*,»?)eP 2 |/ 1 (t,n)/o} 

+ (2«-2)- / v q (t,r])dtdr). 

J{(t, V )eP 2 \f 1 (t,r l )-f 2 (t, n )=£0} 



□ 



Lemma 5.2. We feo 



inf(2s+m-l,fc) 



(5.4) / 5 «(t,i7)d£dj7 = 2^ 2s+m+fc - 1 ) . 2 -( 2fc + 2s +™- 2 ) . V oj- 
Proof. We have by (|4.2[) observing that gi (t, 77) is constant on cosets of Pfe+ S _i xl 



fc+s+m — 1 



P 2 



g q {t,7 1 )dtdl 1 = 2 «(2 S +m+fc-l-r( 

r(D[ S + "*] Xfc (t^)) = r(D[ S + "*] X \t,r,)) 

inf(2s+m-l,k) 

- E E 

i=0 (t,r,)ep/p fc+s _ 1 xp/p fc+s+m _ 1 



l-r(L>[ s + m ] : 



(/.,„), / dt 



og(2s+m+fe— 1— i) / 
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inf(2s+ro— l,fc) 

E « 



xfc 



i=0 



2~ 2?(2s+^+fc — 1) 2 _ (fc+ s — 1) 2~ (fe+s+m— 1) 



□ 



Lemma 5.3. FFe Ziaue 



inf(2s+m-2,fe) 



(5.5) / f q l {t,i 1 )dtdr,^2^ 2s+m+k -^ -2-^ k+2s+m -^ ■ Y al 

JP 2 T^n 



Xfc 



• 2" 



Proof. Similar to the proof of Lemma \5 . 2 1 using ()4.4|) and observing that fi(t, rj) is con- 
stant on cosets of Pfc+ S _i x Pfc +s+m _ 2 - 

□ 

Lemma 5.4. We have 
(5.6) 



{(t^)eP 2 |/i(t, t) )-/2(*,'?)/o} 

Proof. We have by P~T2"|) and $TS§ 

v q (t,r])dtdr) 
{(t,'?)eP 2 l/i(t^)-/2(t:»))#o} 



inf(2s+ro-2,fe) 

i(t,r ] )dtd V = 2i ( - 2s + m+k -V-2- (2k+2s+m - 2 '>- a 



xfc 



E 

(t,r,)er/r k+3 _ 1 xP/P t+s+m _ 1 



~.q(2s + m+k-2-r(D l B 1 + "*J Xfc (i,i;))) 



dt 

k+s— 1 ' 7r fc+s 



-l+m| xfc, 



inf(2s+m-2,fc) 

E 



8-l + m+l] Xfc 



(*■*?)) 



E 

(t."7)er/Pfc +s -i xp/p fc+s+m _ 1 



~ ) q(2s + m+k — 2 — i) 



•/Pfc + a _l JP fc4 



inf(2s + m-2,fc) 
E 



qi fjg(2s+m + fc — 2J o— (fc + s — 1) n — (fc+s+m — 1) 



■ 2" 91 ■ 2 



□ 



Lemma 5.5. We have 



Xfc 



2 ■ ah 



xfc 



s+m-l 



Proof. We consider the following (2s+m— 1) x fc matrix denoted by Z? - 
(see Section [1]) 



xfc 
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Oil 
Ct2 



Ois-l 
Pi 



Jm + 1 



012 
Ol3 



Jm+2 



P_s+rn 



03 
«4 



a s +i 

03 
p4 



Jm + 3 



Ps + m + 1 



■ 4jO \ I I t i- ■- O I I I L> J_ I tJ I III* I tJ I ML I _l_ 

»"2s + m-l \Qs+/^s + m Os + l + Ps+m + 1 Ot s + 2 + /^s + m+2 



Qfc-1 



Qs + fe-3 

/9fc-i 



Pk + n 



Oik+l 



OLs + k-2 

I3 k 
Pk+i 



Pk + n 



,+ fc-3 Ps + m+k~2 

Ps + k + m-2 Qs + fc-1 + Ps + k + m-1 , 



OL s+ k-2 



T 

We recall that the rank of a matrix does not change under elementary row oper- 
ations. 

On the above matrix, we add the s+m+j-th row to the j-th row for < j < s — 2 
obtaining 



ri + r 3+m 
T2 + r s+m+ i 



r s -l + r2s+m-2 



( 0-1+ /3m+l 
OL2 + Pm+2 



s + m 



^2s + m-2 



Hi 
02 



0-2 + Pm + 2 
Cti + (3m+3 



Pm+2 



"3 + /3m+3 
O14 + /3m+4 



Cts-1 + Ps-l + m as + Ps + m a s + \ + Ps + m + l 



Pm+3 



fts + m — 1 fts + m Ps + m+1 

\ »s + Ps + m + 1 + Ps + m + 1 «s+2 + ft + m+2 



"fe-1 + An+fc-l 
«fc + An+fc 



"fe + An+fc \ 
+ 1 + Pm + k + 1 



a s+k-3 + Ps + k + m-3 a s+k-2 + Ps + k + m-2 
Pk-1 Pk 
Pk Pk + 1 



Pk+r, 



PkA 



Ps + m+k-3 Ps± m + k — 2 

&s + k-2 + A + fc+m-2 "s + fe-1 + A + fc + m-l / 



^2s+m-l 



T , , , , . , I OLi + /3 i+m = for 1 < i < k + s - 2, 

In the above matrix we set < 

]/3j =tj for 1 < j < k + s + m - 2. 

( Remark that the map : F|* + 2s+m ~ 4 , — ► F 2fc+2 S +m-4 defined by 

(ai,« 2 , • • • , Ofc+s-2, ■ ■ ■ ,Pk+s+m-2) 1 > (^1,^2, ■ ■ ■ , Vk+s-2, T~l, T2, ■ ■ ■ ,T k+s+m _ 2 ) 

is an isomorphisme) . We then obtain the below matrix 



I 
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n 


/ Mi 


M2 


M3 


Mfc-1 


Mfc 




M2 


M3 


M4 


Mfc 


Mfc+1 


r s -i 


Ms-i 


Ms 


Ms+1 


Ms+fc-3 


Ms+fc-2 


s 


' ± 


To 


' o 


T t. 1 
/c — 1 




r s +\ 


T2 


T3 


r 4 




Tfc+1 


r s+m 


Tm+1 


Tm+2 


Tm+3 


Tfc+m-1 


Tfc+m 


T2s+m-2 


Ts+m— 1 


Ts+m 


Ts+m+1 


Ts+m+fc— 3 


Ts+m+fc— 2 


T^s+m-l 


V ^ 


Ms+1 


Ms+2 


Ms+fc-2 


a s+k-l + Ps+k+m 



Comparing the above matrix with the below matrix 



n 


/ Ml 


M2 


M3 


Mfc-i 


Mfc 


^2 


M2 


M3 


M4 


Mfc 


Mfc+i 


»" s -l 


Ms-1 


Ms 


Ms+i 


Ms+fc-3 


Ms+fc-2 


r s 


Tl 


T2 


T3 


Tfc-i 


Tk 




T2 


T3 


r 4 


Tfc 


Tfc+i 



?"s+m 



Tm+1 Tm+2 Tm+3 



7"2s+m-2 \ Ts+m-1 Ts+m Ts+m+1 
'''2s+m-l \ Ms Ms+1 /^s+2 



Tfe+m-1 r fc+r, 



Ts+m+fc-3 Ts+m+fc-2 / 
P-s+k-2 Ms+fc-1 / 



and observing that for all [J, s +k-i £ P2 



Card{(a s+ fc_i,/3 s+ fc +m _i) € F|| a s+ fe_i + /? s+ fc+ m -i = Ms+fc-i} = 2 



we obtain the following equality 



Card < 



(t,rf) £ P/P fc + s -i x P/P fc+s+m _ 1 | r(£> 



[s— 1+m] xfc 



(t,f7)) = r(£)L 



s+m— 1 
a S -+/3s+?r 



Xfc 



2 • CardUt,rj) € F/P fc+S _! x P/P fc+s+m _ 2 | r{D\.''^\ * k (t,T,)) = r(D[- {+m ]*%r,)) 
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Alternatively consider the following equivalences 



/ 


ai 


«2 


"3 ■•• "fc 


-1 


afc \ 








a 3 


a 4 ... a fc 


a fc+l 






OC s -l 


d s 


Q s+1 ■•• "s+fc-3 


a s+k-2 






ft 


ft 


ft ft 


-1 


ft 


r 




ft 


ft 


ft - ft 








ftn + 1 


ftn + 2 


ftn+3 ■•• ft+m-1 


Pfc+m 




ft+m-1 


/^s + m 


ft + m + 1 ." ft + m 


+ fc-3 


ft + m + fc-2 




3 + 1+ft+m + l C*s 


f2+ft + m+2 ■•• "s + fe-2+ft+m + fc-2 a s 


I — 71 1 

+ fc-l+Ps+m + fc-l / 




/ al 


Ct2 


"fc-1 OLk \ 








I OL2 




Oik "fc + l ' 








ce s -i 


a s a s+ i 


• "s+fc-3 "s+fc-2 








ft 


ft ft ■ 


ft-1 ft 








r 


ft 


ft ft • 


ft ft+1 








ftn+1 


ftn+2 ftn+3 ■ 


• ft + m-1 ft + m 








V ft+m-1 


ft+m ft + m+1 ■ 


• ft + m + fc-3 ft + m + fc-2 ' 


















/ 


"1+ftn+l 


"2+ftn + 2 


«3+ftn+3 ••■ O-k 


-1+ftn+fc-l 


"fc+ftn + fc 






"2+ftn + 2 


»3+ftn + 3 


<*4+ftn+4 ... (Xk+flm+k 


a fc + l+ftn + fc + l 




a 


-1+ft-l+m «a+A+m 


Os + l+ft + m+1 ••■ a s + k 


-3+ft+fc + m- 


• 

3 Os+fc-2+ft + fc+m 






ft 


ft 


ft 


ft-1 


ft 


r 




ft 


ft 


ft 


ft 


ft + 1 






ftn + 1 


/3m+2 


/3m+3 


ft + m-1 


ft + m 




I 


ft + m-1 


/3s + m 


ft + m+1 ••• /3 s _|_ m +fc_3 


ft + m + fc-2 


\ 


Ots+Ps + m 


«s + l+ft + m+ 


1 a s + 2+Ps+m + 2 ■■■ Ct s + k 


-2+ft+m+fc- 


2 Q s + fc-l+ft + m+fc 




/ ai 


<X2 «3 


OLk-1 a k \ 








1 OL2 


Q3 «4 


Oik a k+l l 








Ct s -\ 


a s a s +i 


• «s+t-3 "s+fc-2 








ft 


ft ft ■ 


ft-1 ft 








r 


ft 


ft ft ■ 


ft ft+1 








ftn + 1 


ftn+2 ftn+3 ■ 


• ft + m-1 ft + m 








V ft + m-1 


ft+m ft + m+1 ■ 


• ft + m + fc-3 ft + m + fc-2 ' 
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/ £41 £12 £»3 

/ £12 £13 M4 



Ms-1 

Tl 



£*S P-3 + 1 

T3 T4 



Tm + 1 T m + 2 T m +3 



\ Ms Ms + 1 Ms + 2 

We then get 



Mfc-l 
Mfc 



Ms+fc-3 
Tfe-1 



r fc+m-l 



Mfc \ 
Mfc+1 \ 



Ms+fc-2 
Tfc+1 



Tfc + m 



s + m — 1 7"s + m Ts + m + l •■■ T~s + m+fc — 3 T s + m+k — 2 



Ms + fc-2 «s+*-l+ft + fe+™-l / 



/ Ml £12 £13 

/ M2 M3 



Ms-1 

n 



M4 



£ts Ms + 1 
T2 1"3 
73 T4 



Tm+1 T m + 2 T m +3 



\ ?s+m-l r s + 



m T s ^ m +1 



Mfc-l 
Mfc 



Mfc 
Mfc+ 



1 \ 



Ms+fc-3 Ms+fc-2 



Tfc + 1 



Tfe+m-1 T fc + „ 



T s + m+fc-3 T s _|_ m _|_fc_2 



s-l 
s+m — 1 



a a -+ds+n 



xk 



2 • cr. 



s-l 
s + m— 1 



xA: 



t.t 



□ 



Lemma 5.6. We have 
(5.7) 



inf(2s+m-2,fc) 



a s -+/3 3 



/ h"(t,T,)dtdT, = 2 ^ 2s+m+k -V . 2 -(2k+2s +m -2) . V- 

jp 2 



• 2 



Proof. We have by ()4.7p observing that 77) is constant on cosets of Pfe+ S _i xPfc+ s+m _i 



P 2 



E 



2<?(2s+m+fc-2-r( 



[=-Vm]: 



(*,»?))) 



dt / dr; 

fc + S-l -'Pfc + S + TTl-l 



[s-l+ml xfc 



nf(2s+m-2,fc) 

E 

i=0 



s + m-1 
-+/3» + „ 



E 

(t,>?)er/r fc+s _ 1 xr/r k+3+m _ 1 



2 q(2s+ m +k-2- l ) J (U I dr) 

rfc + s -i •/ir fc+s + m _i 



(t,,))=i 



if(2s+ra-2,fc) 

E *, 

i=0 



Xk 



2~<M nq(2s-\-m-\-k— 2) 2~ — 1) 2 — (fe+s+m— 1) 



□ 



Lemma 5.7. We /lave 

(5.8) / h q (t,r])dtdr)= [ ff(t,rf)dtdr]. 

Jr 2 Jr 2 

Proof. Immediately obtained by comparing (|5.5p and (|5.7|) using Lemma 



□ 
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Lemma 5.8. We have for 1 < i < inf (2s + m — 1, k) 



x fc 



xfc 



(5.9) 



= 2 • (7, 



Proof. From ([S~T]) . (jO)) , ([53f , (pTTf and (f5TH|) we have 



5i = / h " + / /i + ( 29 - 2 ) 

p 2 Jv 2 Jv 2 



/? + (2 q 2) 



inf(2s+m— l,fc) 

^ 29( 2s + m +' c_1 ) . 2~( 2fe + 2s + m ~ 2 ) . u 



i=0 



inf(2s+m-2,fc) 

_ 2 . 2"j( 2s + m + fc - 2 ) . 2^( 2k + 2s + m ^ 3 ) . <j 



xfc 



s— 1 
»+m-l 



Xfc 



inf(2s+m-2,fc) 

+ (2 9 - 2) • 29( 2s+m+fc_2 ) ■ 2^( 2fc+2s +" l ~ 2 ) . a 



xfc 



i=0 



S — 1 
s + m 



inf(2s+m-l,fe) 

E 4 

i=0 



inf(2s+m-2,fc) 

2 2 - • E 

i=0 



x fc 



•2" 



■ + m- l 



xfc 



inf(2s+ro— 2,fc) 



2~9< + (2« - 2) • 2" 9 ^ cr, 



s— 1 - 
s+m-1 



xfc 



2-9* 



i=0 



inf(2s+m-l,fc) 

E 4, 

i=0 



inf(2s+m-2,fc) 

E 4 -4, 

i=0 



x fc 



■ 2~ 



X fc 



>-g(i+i) 



inf(2s+m-2,fc) 

E *, 



X fc 



i=0 



inf(2s+m— 2,fc) 

2 9i - E 

i=0 



xfc 



2 -?(»+l) 
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(5.10) 



inf(2s+m-l,fe) 

E a b 

i=0 

inf(2s+m-2,fc) + l 



x fc 



•2" 



X fc 



4 • *i-M-l 



1=1 



inf(2s+m-2.fc) 

E 



X fc 



i=0 



inf(2s+m— 2,fc)+l 

2 = 1 



ft, 



xfe 



The case k < 2s + m — 2 



i + m- l 
Ot s - 



Observing that 4 • cr fe L fe 
(5.11) 



X fc 



2-cr 



xfe 



we deduce from (|5.10p 



E 

i=i 



xfe 



4 • cr„ L 



xfe 



ft+„ 



xfe 



2-cr 



i — 1 , i -— 1 , i — 1 



.2" 9t = for all q>2. 



Now we have obviously 



(5.12) 



(5.13) 



xfe 



x fc 



2 ■ o\ 



Ct s — 

i—X,i,i 

s-l - 
+ m-l 



xfe 



Xfe 



s-l - 

s+m-1 



+ m- 



X fc 



xfe 



By ([SIII]), (5.12) and (5.13) we obtain for all q > 2 
(5.14) 
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From (|5.14[) we deduce 



(5.15) 







• s-l - 

s + m-1 




- s-l - 

s + m-1 










/^s + m- 

OL s _ 


x k 




xfe 




k 














E 




— 1,2,2 


-2- a, 






. 2- qi = /or allq>2 


i=i 











The case fc > 2s + m — 1 



(5.16) 



2s+m-l 



X A: 



xfe 



E CT i 



■ 2~ 



i=0 



x k 



x k 



2s+m-2 

E - 

2=0 



2s+m-l 



•2-«*- X - 2 " 



Observing that cr 
that for all g > 2 

(5.17) 

s-l 
9+m-l 



2s+m-l 

E 



xfe 



2s+m — l,2s+m— l,2s+m- 



s-1 
s+m-l 



_! = we deduce from ([BTTB) . (5.12) and (5.13) 



xfe 



xfe 



2— l,i,i 



2 -cr 



2 — 1,2 — 1,2 — 1 



2 • cr„ L 



2 — 1,2 — 1,2 



xfe 



/3s + „ 



Xfe 



/3s+„ 



xfe 



2 • cr L 



2 — 1,2 — 1,2 — 1 



■2~ ql = 0. 



From (|5.17|) we obtain 



2s+m-l 



(5.18) Y, 



2=1 



s-l -] 

s + m-l 



xfe 



2 — 1,2,2 



2 • 



xfe 



2- ql = /or allq>2 



and Lemma 15.81 is proved 



□ 
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Lemma 5.9. 



(5.19) 

/ 9%(t,v)dtdi] = I 
Jr 2 J{(t, 

+ (2« - 2) 



v q (t 1 rj)dtd-q + / v q (t,r])dtdr) 
^(i, r])dtdi]. 



l {(t, V )eP 2 \f 1 (t, V )-f 2 (t, n )=£0} 

Proof. Similar to the proof of Lemma 15.11 



□ 



Lemma 5.10. We have for 1 < i < inf (2s + m — 1, k) 



xfc 



xfc 



(5.20) 

Proof. From (|5.ip and ()5. 19f> we get for all q > 2 
(5.21) 



xfc 



x k 



gl(t,r])dtdri- g^(t,j])dtdr] = / v q (t 1 i 1 )dtd-q- v q (t,r])dtdr]. 

By (|5.2ip we get for all q > 2 the following equivalences 



inf(2s+m-l,fc) 

2<?(2s+2n+fc-l) _ 2^( 2 ' c + 2;s + m_2 ) . 

i=0 



inf(2s+m-2,fe) 

2<?(2s+m+fc-2) _ 2^( 2fe + 2s +" l_3 ) . 

1=0 



xfc 



xfc 



i +m- 1 



Xfc 



Xfc 



2 -qi 







s + m 












6 — 1 

s+m-1 




inf(2s+m-l,fc) 






xfc 




Xfc 


inf(2s+ro— 2,fc) 




Otg- 


x k 


- E 




i 


-°i 






• 2-" 1 = 2 • 




i 




i=0 












2=0 









xfc 



inf(2s+m-l.fc) 

- E 

i=0 



xfc 



xfc 



2 — 1,2,2 



inf(2s+m-2,fc) + l 

2 - qi = 



0s + m 
1 — 1,2 — 1,2 



xfc 



xfc 



'2-1,2-1,2 



•2" 
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(5.22) 



inf(2s+m-l,fc) 
2=1 



xfc 



Xfc 



2 — 1,2,2 



s-l 

s + m-1 

/Cm- 

2 — 1,2 — 1,2 



s-l 



xfc 



Ss+r 



x fc 



'2-1,2-1,2 



• 2~ 91 = 0. 



Now (|5.22p holds for all q > 2 which deduce Lemma [5.101 



Lemma 5.11. We have 



(5.23) 



s+m 



xfe 



xfe 



s-i n 

s + m-1 



Xfc 



s-i n 

,+m-l 



/3 s +m- 



1 — 1,1,2 

s-l ■ 
+ m-l 



xfe 



/3 s + m - 



2 — 1,2 — 1,1 

s-l - 

+ m-l 



X fc 



/3s+„ 



xfc 



xfc 



2 — 1,2,2 



+ <7, 



0s + m- 
C*s — 



Xfe 



'i-2,2-1,2 

s-l - 

s + m-1 

£s + m- 
C*s- 



xfe 



j-1,2-1,2 T u i-2,i-l,i 



Proof. The proof is obvious. 



Lemma 5.12. FFe have 



xfc 



(5.24) 

Proof. flE2H) follows from (pT2"3l) and (^U]) . 



Lemma 5.13. The following holds 



xfe 



□ 



□ 



□ 



s-l ' 

s + m-1 



xfc 



2 — 1,2,2 



2 • <7„ L 



/3s + 

2 — 1,2 — 1,2 



Xfc 



Xfe 







- s-l - 


s + m-1 




s + m-1 


fs + m- 
CKs — 


xfc 


A + m- 


-1,2-1,2 


= °i 


— 1,2,2 


- s-l - 




"s-l " 


s + m-1 






|8.+m- 


x k 


Ps+m.- 
ct s — 



xfc 



xfc 



X k 



'2-2,2-1,2 _ U 2-2,2-l,2 
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- s — 1 - 






s+m-1 








x k 




a s _ 




= °~; 





Xfc 



s-fm 



x At 



xk 



8—1 n 
s+m-l 



Xfc 



xfc 



P.+r, 



xk 



Xk 



s-l 1 

3 + 



xfc 



+ 0-, 



CKs — 



xfc 



xfc 



/3 a + m - 



xfe 



Proof. The Theorem follows from Lemmas GOO IS~TUI I5TT1 and I5T21 



□ 



Lemma 5.14. Lei s > 2, to > 0, fc > 1 and < i < inf (2s + to, /c). TTien we /iawe the 
following recurrent formula for the number of rank i matrices of the form [^1 , such that 
A is a s xk persymmetric matrix and B a (s + to) x fc persymmetric matrix with entries 
in ¥2 



(5.25) 



xfe = 2.rh 1+(m+1) J x ' £ + 4.r 



where the remainder A 



s+(m— 1) x ' c 

is egwaZ to 



s-l 
s—l+m 



Xk 



i-l 
x fc 



(5.26) 



xfe 



xfe 



xfe 



3 ■ 1 I., I.. I + 2 • (J i_2,i-2,i- 



Proof. Consider the following two matrices 



ai Q2 

Q2 CK3 



C^s — 1 CKs 



<*3 

c*4 



03 
04 



m+2 m + 3 



/3s + to-1 0s + m /3a + m + l 

. — cr; n^+i — 

\ I3 s + m s + m+ i /3 s+m+2 



a s -|-fc_3 



\ 



0k + l 



/3m 



/3 f + m + fc 3 P, + m + k-2 



r Q2 0:3 



and 



~s+fc-2 LXs + k-1 
a +m+k-2 s + m +k-l / 



CK2 £*3 
Q 4 



s+ra 



xk 



02 
03 



03 
04, 



Pm+l Pm + 2 Pm+3 
08+rr,-! 3 ' +m s + m +l 



Ps + m + l 0s + m + 2 
Ois + 1 tls + 2 



ak 



ak 



Ois + k-3 <*s + fc-2 
0k-l 0k 
0k 0k+l 



Pk + r, 



Pk4 



0s + m + k-3 0s + m + k-2 



Ps+m+k-2 Ps+m+k-1 I 
Qs+fc-2 a s4 .fc_i / 



We have by Lemma T5. 131 
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2-r 



s-l+(m+l) 
i-1 



xfc 



4-r 



s+(m-l) 
i-1 



xfc 



8-r 



s-l 
s — 1+m 



A. 



s+m 



xfc 



/3, + r, 



xfc 



,i-l,i-l + CT i— 1,' 



xfc 



/3s + „ 



Xfc 



»s + ,r 



i-2,»-l,*-l + (7 i-2,i-l, 



xfc 



xfc 

+ 2 • (7^.! j_x +2 -a, 

- s-l 
s + m-1 



Xfc 



i-2,i- 



1,1—1 + ^ • 



xfc 



+ 2 • <T, 



x fc 



2- (7, 



A, 



+ 777,- 



i-2,i-2,i-2 

s-l - 
+m-l 



2- CT, 



+ TTI- 



Xfc 



^S+T, 



Xfc 



-3 a. 



i-2,i-2,i-l 

s-l - 
+m-l 



2-cr, 



/3s 



+ TTI- 



i— 2,i— l,i 

s-l 
+m-l 



Xfc 



Xfc 



t— 2,t— l,t— 1 

s-l - 
+ m-l 



2 • cr. 



5 S + 771- 



xfc 



i— 2,i — l,i 



Xfc 



Xfc 



+ ^ ' °i-2,i-2,i 

s-l 
+m-l 



?s + m - 
C*s- 



Xfc 



S + TO-1 



a i-\,i-\,i + CT i-2,i-l,i-l + <T i-2,i-l,' 

s-l 
s + m-1 



Xfc 



Xfc 



+ 2 - cr i _ 1 ._ x - 



-2-<r, 



/3s4 



2,i-2,' 

s-l - 
+m-l 



-1 



Xfc 



= r 



s+m 



xfc 



+ CT i-l,i 



+ <T, 



Xfc 



i — lji — lji 



+ at 



s + m-l" 1 



2, i-1, 



xfc 



xfc 



6. RANK PROPERTIES OF A PARTITION OF DOUBLE 
PERSYMMETRIC MATRICES 

Consider the following partition of the matrix 



xfc 



D 



EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVER B? 



Oil 


a 2 


a 3 












Oik 


Oik+l 


0L a -\ 


a s 


a s+ i 


O-s+k-3 


O-s+k-2 


Pi 


$2 


Ps 


Pk-i 


Pk 


P2 


Ps 


Pi 


I3 k 


Pk+1 


Pm+1 


Pm+2 


Pm+3 


Pk+m-1 


Pk+m 


Ps+m-1 


Ps+m 


Ps+m+1 


• Ps+m+k-3 


Ps+m+k-2 


a s 


a s+ i 


a s+ 2 


a s +k-2 


a s +k-i 


Ps+m 


Ps+m+1 


Ps+m+2 


■ Ps+m+k-2 


Ps+m+k-1 , 



By integrating some appropriate exponential sums on the unit interval of K 2 with 
integral equal to zero, 

we deduce the following rank formulas for all j E [0, inf (2s + m — 2, k — 1)] : 





' 3 










\ 3 


3 + 1 



P/Pfc-I 



. xP/P fc4 











3 


3 , 



P/Pfc-I 



LXP/Pfc 



= 2-# 1 










i 


v 3 


i + i 



P/P fc + s _lXP/P fc + s + m _ 1 



Lemma 6.1. Let (t, rj) € P x P and set 



Then 
(6.1) 



^M)= E E E #(^)- 

degY=k— 1 degZ<s— 1 degU<s— l+m 



Proof. We have 



s + m : 

-l-r(ZH J 



22s+m+fc-i-r(£>L"""J""(t,7 / )) j/ r (i^ L S+m J ""(t, ry)) =r(D- 
otherwise. 



xk 



s+m 



x(fc-l) 



v>M)= E E ^ tyz ) E E ^ YU ) 

degY=k—l degZ<s—l degU<s+m—l 

= E E ^ yz ) E e(vyu)~ Yl E ^ yz ) E E wu) 

degY<k—\ degZ<s—l degU<s+m—l degY<k—2 degZ<s—l degU<s+m—l 

de 9 Y<fc-l degY<k-l 



s+m xfc s + m x(fc — 1) 

rekcrCL J (t,ri) YekcrOL J (t,?7) 

s + m \xk s + m x(fc — 1) 

22s+m . 2 fc - f, (- DL J (M)) _ 2 2s + m . 2 fe - 1 - r ( DL J (*> 



Lemma 6.2. M^e /iaue 
(6.2) <f(t,T))=<k(t,V) 



□ 

</>2 (t, rj), where 
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<h{t>v) 

Proof. We obtain 

cj?{t,n) 



£ £ E(tYZ) Yl E ^YU), 

degY=k~l degZ<s—l degU=s+m—l 

^ ^ S(tyZ) ^ E{nYU) and 

degY=k—l degZ<s—l degU<s+m—2 

£ £ E(fYZ) £ i^yt/). 



tie9y<fe-2(ie3Z<s-l 



degU=s+m— 1 



2'2s+m- 



E 

degV 1 =*:-l 

s+m— 1 xfc 
kcr D L J 



E(?7yiT s+m - 1 ) 



i2s+m— 1 



E 

deg Y~2 = fc — 1 



Y^Sker D 



; + m — 1 X fc 



(i,-7) 



We set 



Ei + E2 = E 3 degY 3 <k-2, 
Y 1 = y 4 de 5 y 4 = fc - 1. 



Then we get obviously 

Y 1 G ker L> 
k y 2 G ker L> 



s+m— 1 

s 

s+m— 1 



(t,r?) degY]_ = k-l, 



xk 



y 3 G ker D 
k y 4 G ker D 



s+m— 1 



(t,rf) degY 2 = k-l, 
x(fc-i) 



s+m— 1 



xfc 



(t,r?) degY 3 <k-2, 
(t, n) degY^ = k — 1. 



And we obtain 



J2( tj7/ ) = 2 (2s+m-l)2 £ 

degY^ = k — l 



s+m-1 
y 4 ekorDL J 

j^s+m-l 

<2egY"4=/c— 1 

s + m— 1 X fc 
y 4 GkcrIjL J 

<MM) • <h(t,rf). 



Xk 



(t, v ) Y 3 £ke, 



E 

de s y 3 <fc-2 

s+m-1 X(fc-l) 
rBL J (4,17) 

E 

degY s <k— 2 

s + m— 1 X (fc- 
Y3Sker£>L J 



(*,»») 



□ 



Lemma 6.3. We have the following equivalences 
cf>(t,r)) ^0^^(1,7]) ^0 



s+m— 1 



x(fc-l) 



(t, V ))=r(Dl 



s+m— 1 



xfc 



(t,n)) = r(D 



s+m 



x(fe-l) 



(t,r,)). 
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Proof. By Lemma 16.11 with m — > m — 1 we have 
(6.3) 



s + (m-l) xfc 

22s+m+k-2-r(Dl J jf r (£) 







s+(m— 1) 
otherwise 



xfc 



(i,r?))=r(D 



a+(m— 1) 



x(fc-l) 



and by (|4.5|) with ft — »■ A; — 1, s — > s + 1 and m -> ra - 1 we have 
(6.4) 



<h(t,v) 



s + m x(fc — 1) c-L m 

2 2s+m+fc-2-r(DL J (t,r,)) jf r m 

otherwise. 
Lemma 16.31 follows then from (16.31) and (E 



then 



x(fc-l) 



M))=r(L> 



s+(m— 1) 



x(fc-l) 



Lemma 6.4. Let (t,r)) € 



<km)= E E ^ yz ) E E ^ Y u) 

degY=k— 1 degZ<s— 1 degU=s+m—l 



is given by 



2 2s+m+k-j-2 if ^ ^ g 



ft-1 


ft 








£)L+m-lJ X ' 


i 


i 




i 


i 





_ 2 2 s +m+fc-i-2 ^ (i,ry)G 



ft - 1 


k 








£)L + m-lJ X ' 


i 


3 


a s - 


3 


J + l 


Ps+m 







otherwise. 



□ 



Proof. We consider the following two cases in which by Lemma 16.31 (bit, rj) is dif- 
ferent from zero. 



{t,v)), 



First case : 

s+m-1 x(fc-l) s+m-1 xfe s+m x(fc-l) s+m x(fc-l) 

r(£H J \t,n)) = r(£H J (t,r?))=r(£H J (i,r/)) = r(Z?L J (*,»7)) = 

J- 

Second case : 

s+m — l x(fc-l) s+m— 1 xfe s+m x(fc— 1) s+m xfe 

r(I)L J (t,r?)) = r(£H J (t,r?)) = r{Dl 1 (t,v))=j and r(Dl 1 (t,n)) = 

3 + 1. 

We obtain using (|4.3p : 



In the first case 
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<t>a,v)= E E E{ t YZ ) E E ^ Y u) 

degY=k—ldegZ<s—l degU=s+m~l 



gY=k—ldegZ<s—l degU=s+m~l 

E E ^ yz ) E E E E ^ tYZ ) E 

degY<k— 1 degZ<s— 1 degU=s+m~l degY <k—2 degZ<s—l degU=s+ 

_ t^ls+m+k—l—j t22s+m+k—2—j c^ls+m+k— 2— j 



degU=s+m—l 



E(r)YU) 



In the second case 

<m^)= E E ^ yz ) E E ^ Y u) 

degY=k—ldegZ<s—l degU=s+m—l 

= E E ^ yz ) E e(vyu)~ e E ^ tyz ) E e ^yu) 

degY ~<k—l degZ<s—l degU=s+m—l degY <k—2 degZ<s—l degU=s+m—l 

_ g c^ls+m+k— 2— j ^s+m+k— 2— j 



And otherwise (j)(t, if) is equal to zero. 
Lemma 6.5. We have 



□ 



3+1 



(t, rj)dtdr) = 0. 



Proof. The integral J FxF (j) 2q+1 (t,r])dtdri is equal to the number of solutions 
(Yi, Zi, Ui,Y 2 , Z 2 , U 2 , ■ ■ ■ , Y 2q+ i, Z 2q+ i, U 2q+ i) of the polynomial equations 

Y 1 Z 1 +Y 2 Z 2 + ... + Y 2q+1 Z 2q+1 = 0, 
Y\Ui +Y 2 U 2 + ... + Y 2q+1 U 2q+1 = 0, 

satisfying the degree conditions 

deg Yi = k — 1, deg Zi < s — 1 deg Ui = s + m — 1 /or 1 < i < 2q + 1. 
Now 2q+l is odd so degj^^} 1 Yj[/j is equal to k+s+m-2. The Lemma follows. 



□ 



Lemma 6.6. Let j € N such that < j < inf(2s + m — 1, A; — 1), i/ien 



J 


i 







ixP/P fe+s 



j 






J + l 



P/P fe+s _lXP/P fc+3 



Proof. We define 



= {(i,rj) € P 2 | r(L> -' 



s+m— 1 



x(fc-l) 



r(L> 



s+m. 



x(fc-l) 



(t,7?)) = r(D 



(t, V ))=r(D 

xk 

(t,v))} 



s+m— 1 



xfc 



M)) 



and 



{(t,r?) G P 2 | r(L> 



s+m— 1 



x(fc-l) 



(t, V )) = r(Dl 



s+m— 1 



xfc 



(t,77)) =r{D 



s+m 



x(fc-l) 



s+m 



xfc 



r(Dl J (t,r])) = r(D 



s+m— 1 



x(fc-l) 
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By lemma 16.41 we have by observing that <p(t, rj) is constant on cosets of 

( <j) 2q+1 {t,7 ] )dtr l = [ <j) 2q+ \t,ri)dtr]+ I c/> 2 " +1 (i, 
7pxp Ja Jm 



E 

(t,rj)eAf] (p/P fc+s _ixP/P fc+s+m _ 1 ) 



s+ro-1 x(fe-l) 

2 (2s+m+k-2-r(Dl J (t, V ))(2q+l) j ^ j ^ 



s + k-l JJr s + fc + m-l 



E 

(t,v)&n (p/p fe+s _ixp/p fc+s+m _ 1 ) 



s+m-l x(fc-l) 

_ 2 {2s+m+k~2-r(Dl J (t, V ))(2q+l) j df I df] 

s + k-l J^s + k + m-l 



inf(2s+m-l,fc-l) 

2(2s+m+k-2-j)(2q 

i=0 

inf(2s+m-l,fc-l) 

2( 2s+m+fc - 2 -j)( 2, ?+ 1 ) .# l-L 

j=0 



. # 


(i 


3 






3 


3 


i 






j + i 



P/P fe+fl _ 1 xP/P fe+s+ 



/ dt [ 



s + fc + m— 1 



dn. 



s + fc+m — 1 



Now by Lemma 16.51 we get for all q £ N 



inf(2s+m-l,fc-l) 

2 (i)(2 9 -l)., f_ 

i=o 



J 









J / P/P fc+s _lXP/P fc+s+m _ 1 

which proves Lemma 16.61 

Lemma 6.7. Let (t,rj) € P 2 , q be a rational integer > 2 and 



J 






3 + 1 



1 X"/"fe+s+m-l 



□ 



? i(^) = E E E 

degY=k— 1 degZ=s— 1 degU<s+m—2 

h(t,v)= E E E ^ y[/ ) 

degY<k— 2 degZ<s— 1 degU=s+m— 1 
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Then 9\(t,r]) is given by 



(6.5) 



2 2s+m+fc-j-3 -y ^ ^ £ 



fc - 1 


fc 




i 


3 


£)L+m-lJ x " 


i 


3 


a s - 













2 28+m+k-j-3 y ^ ^ e 

otherwise, 



k-l 


k 




3 


3 


£)L + m-lJ X ' 


3 


i + i 











and 02(t,rj) is given by 



(6.6) 



fc-1 










£)L + m-lJ X ' 


3 






J 







lo 



otherwise, 



Proof. The proofs of (|6.5|) . (|6.6|) are respectively similar to the proofs of Lemmas 

Lemma 6.8. Lei (t,r)) € P 2 and q be a rational integer > 2, i/ien 6i{t,rj) ■ 
6*2 _1 (t, 77) «s equal to 



(6.7) 



2 9-l . 2 (2s+m+fc-3-i)g ^ (t,r?)G 





k 




i 


3 


£)L + m-lJ X ' 


3 


3 


a s - 


3 




Ps+m 



_ 2 q-l . 2 (2s+m+k-3-j)q g ^ ^ e 



k-l 


k 




3 


3 


£)L + m-lJ X ' 


3 


j + 1 




3 


i + i 





,0 otherwise. 
Proof. We consider the following partition of the matrix 



- s-l 
s+m— 1 



xk 



D 



EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVER F3, 



«1 


®2 


a 3 


ajfc-i 


«fc 


Q'2 




Q4 




"fc+1 


ot s -i 


a s 


"s+i 


"s+fc-3 


«s+fc-2 


Pi 




/3s 


Ab-i 


Pk 


/% 


& 


& 




Pk+1 


Pm+1 


/?m+2 


; 

An+3 


Pk+m-1 


Pk+m 


Ps+m—1 


Ps+m 


Ps+m+1 ■ 


■ Ps+m+k-3 


Ps+m+k-2 


a s 


«s+l 


«s+2 


«s+fc-2 


«s+fc-l 


Ps+m 


Ps+m+1 


Ps+m+2 ■ 


■ Ps+m+k-2 


Ps+m+k—1 



Obviously by (|6.6p we have 
(6.8) 



s— 1+m 



^(t, ,y) = i 2( 2s + m+fc ~ 2 -j)('?- 1 ) if r(L> 

otherwise . 



x(fc-l) 



(t,r}))=r(D 



s+m 



x(k-l) 



(t,v))=j, 



Then by considering the above matrix, using (j6.5|) . (|6.8[) and elementary rank 
properties we get 

01 (t, r]) • 6»| _1 (t, t?) is equal to • 2( 2s + m+fc - 3 -J)<? if and only if 



r(D 



s-l 

s— 1+m 



x(fc-l) 



(i,77)) =r{D 



s-l 

s+m— 1 



xfc 



\t, V ))=r(D 



s+m— 1 



x(fc-l) 



(t,v)) 



r(D 



s+m— 1 



xfc 



{t,rj))=r{D 



s+m 



x(fc-l) 



and 



r(L> 



s+m 



xfc 



(*>??)) = 3 or j + 1 



6>!(t, 77) • 6»| -1 (t, 7?) is equal to -2^ ■ 2^ 2s+m+k - 3 -^ if and only if 



r(D 
and 

r(D 



s-l 

s — 1+m 



s-l 

s+m— 1 



x(fc-l) 



(t, V ))=r{D 



s+m— 1 



x(fe-l) 



(t,rj)) = r(D 



s+m 



x(fe-l) 



(t,f/)) = r(D 



s-l 

s+m— 1 



xfc 



(t,v))=3 



xfc 



s+m 



(t, V ))=r(Dl J (t,r/)) = i + 1 



xfc 
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And in all the other cases Oi(t, rj) -Q\ 1 (t, rj) is equal to zero, which proves Lemma 



□ 



Lemma 6.9. We have 



(t,ri) ■ 0f 1 {t,r j )dtdr] = 0. 



PxP 



Proof. The integral J PxP 0i (t, r\)-Q\ 1 (t, r\)dtdr) is equal to the number of solutions 
(Y, Z, U, Yi, Zi, Ui, . . . , Yg-i, Zg-i, Uq-i) of the polynomial equations 

YZ + Y X Zx + . . . + Yg^Zq-l = 0, 

YU + Y 1 U 1 + ... + Y q .iU q - 1 = 0, 

satisfying the degree conditions 

deg Y = k — 1, deg Z = s — 1 deg U < s + m — 2 

deg Yi < k — 2, deg Zj < s — 1 deg f/» = s + m — 1 /orl < i < q — 1. 

By degree considerations we have that deg [YZ + YiZi + . . . + Y 9 _iZ 9 _i] is equal 
to s + k - 2. 

Lemma 16.91 follows. □ 



Lemma 6.10. We have for all j G Z swc/i i/iai < j < inf(2s + m — 2, — 1), 



/ 3 



\ 3 



I 3 



+ 



3 ) 



P/P fc + s _lXP/P fc + B 



V 3 



( 3 



3 + 1 



Vk+s-l XlP/Pfe+a 



i + i 



j' + x / 



= o. 



Recall that 



# 



31 


32 


33 


h 


35 


36 



LXP/P fc+; 



+m-l 



denotes the cardinality of the following set 



[(t, V ) G P/P fe+S _i x F/P fc+s+m _ 1 | r(D 
x(fc-l) 



s— 1 
s+m— 1 



X(fc-l) 



r(L> 
r(-D 



s+m— 1 



(t,v))=33, r{D 



s+m 



x(fc-l) 



{t,v))=35, r(D 



s+m 



s+m— 1 

xfc 



xfc 



(i,r?))=Ji, r(L> 

(t,v)) =34, 
{t,v))=3e} 



for {ji,32, 33,34,35, 36) G N 6 . 
Proof. We define 



A = {(t >? 7) G P 2 I r(L> 



s-l 

s+m— 1 



x(fc-l) 



(t,rj))=r(D 



s-l 

s+m— 1 



xfc 



s-l 

s+m— 1 



xfc 



(t,v)) =32, 



(t,v)) 



r{D 



s+m— 1 



x(fc-l) 



(t, V ))=r{D 



s+m— 1 



xfc 



{t,rj)) = r{D 



s+m 



x(fc-l) 



(t,v))} 
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and 



{(t,rj) G P 2 | r(D 



s-l 

s+m—1 



x(fc-l) 



(t,rj))=r(D 



s-l 

s+m—1 



xk 



r(D 



s+m 



x(fc-l) 



(t,v)), r(D 



s+m— 1 



s-l 

s+m—1 



(t,rj))=r(D 
x(fc-l) 



s+m—1 



x(fc-l) 



(t,ri)) + l}. 



(t,r)))=r(Dl 

By (|6.7p we have, observing that 9\{t,rj) ■ 9 2 ~ (t,rj) is constant on cosets of 

I fe+s-l x Pfc+s+m-1 

,(t,r l )-e q 2 - 1 (t,r l )dtr}= [ e 1 (t, V )-9 q 2 ' 1 (t,7 1 )dtrj+ [ 9x(t,rj)-e*-\t,rj)dtri 

J A JB 



2?-l ,2(2s+m+A;-3-r(D 



S-l 

s + m—1 



X(fc-l) 



(*,»?))? 



(*,»»)6An . 

(tfljeifl (p/Pfe+s-ixP/P fc+ s +m -i) 



s-l 
s + m — 1 



X(fc-l) 



dt / d?7 

i + fc-1 "'Ps + fc + m-l 



dt / c/77 

i + fc-l •'Ps + fe + m-l 



mf(2s+m-2,fc-l) 



3=0 



3 










3 



. 2-(2fe+2s+m-2) 



inf(2s+m-2,fc-l) 

+ ^ 2 9 ~ 1 • 2( 2s+m+A: - 3 --5 , ')9 • # 
i=o 

inf(2s+m-2,fc-l) 
3=0 



3 










3 + 1 


3 


3 ^ 


3 


3 + 1 


3 


3 + 1 J 



P/P fe+s _ 1 xP/P fc+s4 

£V 



P/Pfe+s-lXP/P fc+3 

+ rn — 1 

p 

P/Pfc + s-lXP/Pfc + s + m-l 



_ 2-(2fe+2s+m-2) 



2-(2fc+2s+m-2) 



Now by Lemma 16.91 we get for all q > 2 



£ 

3=0 



1) 


r f j 






* 3 











+ # I J 



: J t + s _lXP/P t+s+m _ 1 
_# 



J 






i + i 




i + i 



i + i / 



r fc+s-l 

xP/P fc+3 

+ 771 — 1 

= 0. 



Pfc + s-1 XP/Pfc+s+m-l 
□ 



Lemma 6.11. Let (t,rj) G P x P,ond q be a rational integer > 2. 

degY<k— 2 degZ=s— 1 degU <s+m—2 



76 



JORGEN CHERLY 



Then we have 
(6.9) 



2 (2a+m+fc-3-i)-(g-l) £ 



k-l 


k 




3 






3 










Ps+m 



otherwise . 

Proof. Lemma 16,111 follows from (|4.4p with k — > k — 1 . 



□ 



Lemma 6.12. Let (t,if) € P 2 , and q be a rational integer > 2, then 4>(t,rj) 
9^ (t, rj) is equal to 



2 . 2 (2s+m+k-3-j)q y ^ ^ g 



(6.10) 



_ 2 . 2 (2s+rn+k-3-j)q y (t,rf)€ 



k- 


1 


k 






3 


3 






3 


3 


a s - 




3 




3 




fis+m 




k- 


1 


k 








3 


3 


s-l 
Dls + m- 




3 


3 


a s - 


3 


i + i 







k otherwise. 
Proof. Recall that by Lemma 16.41 6(t. rj) is equal to 



2 2 s+m +k-j-2 if ^ ^ e 



k-l 


k 








£)L+m-iJ x ' 


3 


3 




3 


3 


Ps+m 



_ 2 2s+m+k-j-2 if ^ ^ G 



fc-1 


k 








rj[ s + m -i\ x ' 


3 


3 


a s - 


3 


i + i 





lo 



otherwise. 



Then by (|6.9p we obtain by elementary rank properties (|6.10p and Lemma 16.121 
is proved. 

□ 



Lemma 6.13. We have 



[ ^t, V )-e q 3 -\t, V )dtdr, 

JFxF 
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Proof. The integral J„ „(t,rj)(p(t,r]) • 0|~ {t,rf)dtdr} is equal to the number of 
solutions 

(Y, Z, U, Y\,Z\, U%, . . . , Y q -i, Zq-x, Uq-x) of the polynomial equations 

YZ + YxZx + ... + Y q „xZq-x = 0, 
YU + YxUx + ... + Y q ^xUq-x = 0, 

satisfying the degree conditions 

deg Y = k — 1, deg Z < s — 1, deg U = s + m — 1, 

deg Yi < k — 2, deg = s — 1, deg Ui < s + m — 2 fori < i < q — 1. 

By degree considerations we have that deg [Y£7 + YiLq + . . . + Y g _iC/ g _i] is equal 
to k+s+m-2. 
Lemma 16.131 follows. 

□ 



Lemma 6.14. We have for all j G Z suc/i i/iai < j < inf (2s + m — 2, — 1) 



# 



i 













# 



5 / P/P fe+ s-lXP/P fc+s 



3 \ 



3 + 1 J 



P/P fe+s _lXP/P fc+a 



Recall that 



# 





32 \ 


J3 


k 


\ 35 


36 J 



- k + s-1 XP/Pfe+s+m-1 

denotes the cardinality of the following set 



{(t,v) 



G P/P fc+S _i x P/P fc+s+m „ 1 | r{D 



S-l 

s+m—1 



X(fc-l) 



r{D 
r(D 



s+m—l 



x(fc-l) 



{t,v))=h, r(D 



s+m 



x(fc-l) 



(t,v))=h, r{D 

for {31,32, 33, k,35, k) g N 6 . 
Proof. We define 

" s-l " 

X(fc-l) 



s+m 



+m— 1 

xA; 



(M)) = Jl, r(D 

(t,v)) =k, 
{t,v))=k} 



A = {(t,rj) G P 2 I r(Z? 



s-l 

i+m— 1 



(t,r/)) = r(£> 



s-l 

3+m— 1 



xfc 



s-l 

s+m—1 



s+m—1 



xfc 



s+m 



X(fc-l) 



(t,v))=r(D 



s+m 



(t,r]))=r{D 

xk 



xk 



(t,v)) =32, 



f-m— 1 



x(fc-l) 



ft»7)) 



and 



{(*,??) G P 2 I r(D 

xfc 



s+m—1 



(t,v))=r(D 



s-l 

s+m—1 



xfc 



(t,77))=r(D 



s+m—1 



x(ft-l) 



(t,v)) 



r(D 

s 



r(D 



s+m—1 
xk 



(t,ri))=r(D 
(t, V ))=r(D 



s+m 



X(fe-l) 



(M)), 



s-l 

s+m—1 



x(fe-l) 



(t,v)) + i}- 
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By ()6.10p we have, observing that cf>(t,r]) ■ Q\ 1 {t,i]) is constant on cosets of 

-1 X Pfc+s+m-l 



cp{t,i 1 )-el-\t,r ] )dtr 1 = I (f>(t, V )-ef L (t,ri)dtr,+ I r?) • ef'^^dtr, 



xP 



39-1/ 



(tfl)eAn (p/P fc+s _ixP/p fc+s+m _ 1 ) 



3-1 

s + m — 1 



x(fc-l) 



(t,ri))q 



dt I dr] 

\-k— 1 ''Pa + fc + m-l 



E 



8-1 

s+m-1 x(fc-l) 

_2.2( 2s + m + fc -3~' r (- Dl - ^ (t^)) 1 ? 



(it / 



rir/ 



inf(2s+m-2,fc-l) / j 



inf(2s+m-2,fe-l) 
j=0 



J \ 3 



_ 2-(2fc+2s+m-2) 



™fc+»— 1 XP/Pfc + s+m-l 







J 




w 


J + l 



_ 2~(2fc+2s+m-2) 



lXF/F i;+1J+m _ 1 



Now by Lemma 16.131 we get for all q > 2 



E 

i=o 



1) 


# 








j 


i) 











# 



- k + s-1 XP/Pfc + s + m-l 



r fc + s-1 XF/F fc + s+m _! ' 



□ 



7. RANK PROPERTIES OF SUBMATRICES OF DOUBLE 
PERSYMMETRIC MATRICES 



Consider the following partition of the matrix D 



s-1 ' 
s + m — 1 



xk 



EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVER F@ 





OL2 


Q3 




a k 


OL2 






a k 


Oik+1 


0L S -\ 


a s 




"s+fc-3 


a s+k-2 


01 
Hi 


09 


0i 


0h 1 

Hk—1 


0h 
Hk 


02 


ft 


04 


0k 


Pk+1 


Pm+1 


0m+2 


An+3 


Pk+m-l 


Pk+m 


0s+m—l 


0s+m 


Ps+m+1 ■ 


fts+m+k—3 


Ps+m+k-2 


a s 


«s+l 


a s +2 


Ois+k-2 


Oi s +k-l 


Ps+rn 


0s+m+l 


Ps+m+2 ■ 


■ fts+m+k-2 


As+m+fc— 1 



By studying rank properties of submatrices of the above double persymmet- 
ric matrix, we deduce by contradiction the following rank formula for all i G 
[0, inf (2s + m - 3, k - 2)] 



# 



i 


i+ 1 \ 


i 


i + 1 


i 


i + 1 / 



= 0. 



P/Pfc +s -lXP/P fc+s 



Recall that 



# 



i 


i + 1 \ 


i 


i + 1 


i 


i + 1 / 



P/P fe+s _lXP/P fc+s+m _ 1 

denotes the cardinality of the following set 



s-l 

{s+m— 1 x(fc-l) 
(t, 77) G P/P fe+s -i x P/P fc+s+m _i I r(D L J (t, r?)) = i, r(D 



x(fe-l) 



s+m— 1 



(t,r?)) =i + l, 



r(L> 



s+m— 1 



x(fc-l) 



(t,r ? ))=i, r(L> 



s+m 



x(fc-l) 



(t,r ? ))=i, r(D 



s+m 



s+m— 1 
xfe 



xfc 



(t,r ? )) = i + l, 
(t,r?)) =i + l}. 



Lemma 7.1. For a// i suc/i i/iai < i < inf (2s + m — 3, fc — 2) we have 



# 



i 


i + 1 


i 


i + 1 


i 


i + 1 



0. 



P/Pfc +s -lXP/P fc+s 



Proof. Set (t,?]) = {T,i>i^ i T-\Y,i>iPi T ~ i ) G P x P and let (s,k,m,j) G 
N* x N* x N x N*, 
where 1 < j < k — 1. 
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We denote by D 
( 



s+m 



x(k-j+l) 



(t, 7]) the following (2s + m) x (k — j + 1) matrix 

\ 



a 3 


a j+1 


aj+2 


Oik-l 


au 


Pj 


Phi 


Pj+2 ■ 


Pk-1 


Pk 


a j+1 


a j+2 




a k 


ak+i 


Pj+i 


Pj+2 


Pj+3 


Pk 


Pk+l 


Otj+s-2 


(Xj+s-1 


a j+s 


ak+s-3 


ak+s-2 


Pj+s-2 


Pj+s-l 


Pj + S 


Pk+s-3 


Pk+s-2 


Pj+s-l 


Pj + S 


Pj + S + l 


Pk+s-2 


Pk+s-1 


Pj + S 


Pj+s+1 


Pj+s+2 


Pk+s-1 


Pk+s 


Pj+s+rn-3 


Pj+s+m-2 


Pj+s+m-l ■ 


■ Pk+s+m-4 


Pk+s+m-3 


Pj+s+m-2 


Pj+s+m-l 


Pj+s+m 


Pk+s+rn—3 


Ps+m+k-2 


Olj+8-1 


a j+s 


aj+s+1 


ak+s-2 


ak+s-1 


Pj+s+m-l 


Pj+s+m 


Pj+s+m+1 ■ 


■ Pk+s+m-2 


Pk+s+m—l 



J 

Remark that after a rearrangement of the rows in the above matrix we obtain 
the following double persymmetric matrix where the first s rows form a s x (k — 
j + 1) persymmetric matrix and the last s+m rows form a (s + m) x (k — j + 1) 
persymmetric matrix with entries in F2 



a 4 



atj+i 



aj+s-2 
aj+s-i 
Pj 

Phi 

Pj+s-2 
Pj+s-l 

Pj + S 



atj+i 
a j+2 



aj+s-i 
a j+s 
Pj+i 

Pj+2 

Pj+s-l 

Pj+s 
Pj+s+1 



Pj+s+rn-3 Pj+s+m-2 
Pj+s+m-2 Pj+s+m-l 
\ Pj+s+m— 1 Pj+s+m 



a j+2 
a j+3 



a j+s 
aj+s+i 
Pj+2 
Pj+3 

Pj+s 
Pj+s+1 
Pj+s+2 

Pj+s+m— 1 
Pj+s+m 
^j+s+rn+1 



P 



ak-i 
ak 



ak+s-3 
ak+s-2 
Pk-i 
Pk 

Pk+s-3 
Pk+s-2 
Pk+s-1 

Pk+s+rn—A 
Pk+s+m-3 
Pk+s+m-2 



ak 
ak+i 

ak+s-2 
ak+s-i 
Pk 

Pk+l 



\ 



Pk+ 
Pk+s- 
Pk+ 



s-2 
1 



Pk+s+m-3 
Pk+s+m-2 
Pk+s+m-1 



Proof by contradiction. 
Assume on the contrary that there exists io £ [0, inf (2s + m — 3, k — 2)] such that 



(7.1) 



# 





io + 1 




io + 1 


io 


io + 1 



> 0. 



P/Pfc + s-1 XP/Pfc + s+m- 
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We are going to show that 



# 



io 


k + 1 \ * 




io 


*o + l J 




io 


»o + 1 / P/ 






(° 


i\ 




^#[ 


l 




V o 


i / 





♦•1 


( io - 


1 


io 


> o = 


io - 


1 


io 






V io - 


1 


io 



> 



Pi/P fe+s _ 1 xPi/P fc+s+ , 



>o, 



Pip/Pfe + s-l XPip/Pfe + s + r-, 

which obviously contradicts 

B 



# 










i 


V o 


i / 



0. 



"io/Pfc + s-l XPio/^fc + s + m-l 

By ([71]) there exists (i ,»7o) G P/Pfc+s-i X F/P fe+s+m _i such that 



r(Z? 
r(£> 



s-l 

s+m— 1 



s-l 
S+m— 1 



x(fc-l) 



(to,»»)) = r(D 



3+m— 1 



x(fc-l) 



(to,%)) = r(£> 



s+m 



x(fc-l) 



(*o,%)) = io, 



xfc 



(*o,»7d)) = r(Z> 



s+m— 1 



xfc 



s+m 



xfc 



(*o,%)) = r(Dl J (t ,%)) = io + 1- 



Set (to)%) = (Yli>i a iT l iYli>i@iT ')> an d consider the following partition of 



the matrix D 



s+m 



xfc 



(to,Vo) 





«2 


«3 


ttfc-1 


Otk 


Pi 


(32 


03 ■ 


Pk-1 


Pk 


CC2 


a 3 




Oik 


Ofc+1 


P2 


(3 3 


Pa 


Pk 


Pk+1 


"s-l 


a s 


«s+l 


Ofc+s-3 


Ofc+s-2 


(3 s -i 


(3 S 


Ps+1 ■ 


Pk+s-3 


Pk+s-2 


(3 S 


(3 s+ i 


Ps + 2 ■ 


Pk+s-2 


Pk+s-1 


(3 s +i 


Ps+2 


Ps+3 ■ 


Ph+s-l 


Pk+s 


Ps+m-2 


(3 s +m-l 


Ps+m 


Pk+s+m—A 


Pk+s+m-3 


Ps+m—1 


Ps+m 


Ps+m+1 ■ 


■ Pk+s+m-3 


Pk+s+m-2 


a s 


a s +i 


«s+2 


Ofc+s-2 


"fc+s-1 


(3s+m 


(3 s +m+l 


Ps+m+2 ■ 


• Pk+s+m-2 


Pk+s+rn—1 



By (|7,ip we have r(D. 
io + 1. 



s-l 

s+m— 1 



x(fc-l) 



(*o,»?o))<io 



s-l 

i+m— 1 



xfc 



It follows that r{Dr, 



s-l 

s+m— 1 



x(fc-l) 



(to,Vo)) = io- 
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Let a±, a,2, ■ ■ ■ , cik denote the columns of D 



3-1 

s+m— 1 



xfe 



(t ,rjo) that is, 



/ a 5 

0j 
a j+1 



Oij+s-2 
Pj+s-2 
Pj+s-1 
Pj+s 

f3j+s+m-3 
V Pj+s+m-2 / 



Since r(_D 2 



s-l 

s+m— 1 



x(fc-l) 



s-l 

s+m— 1 



we have a\ £ span {02, 03, . . . , a&} , therefore r(Z). 
We have then 



s-l 

s+m— 1 



(to,Vo)) =io + 

x(fe-2) 

(*o,»7o)) = 



(7.2) r( J D 2 L 



s+m— 1 



x(fc-2) 



(*0,%)) = *o — 1, 



(7.3) r(£U 



s-l 

s+m— 1 



x(fe-l) 



(*o,?7o)) = io, 



(7.4) r(£U 



s+m— 1 



x(fe-l) 



(t ,r]o)) = k, 



(7.5) r(D 



s+m 



x(fe-l) 



(*o,%)) = io 



and, see above, 



(7.6) r(D 2 L 



s-l 

s+m— 1 



x(fe-l) 



(to,Vo)) = io- 
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Now we consider the matrix obtained from the matrix D 



s+m 



xk 



(to,Vo) by de- 



lating the first column and replacing the last column by the first one : 



(7.7) 



/ 



«2 


03 


Ctk-1 




lh 


Pa 


Pk-1 


Pi 


«3 




a k 


a 2 


a 
P3 


R. 
PA 


R, 

Pk 


R 
P2 


a s 




Q.k+s—3 


a s —i 


Ps 


Ps+l ■ 


Pk+s-3 


Ps-l 


Ps+l 


Ps+2 ■ 


Pk+s-2 


Ps 


Ps+2 


Ps+3 ■ 


Pk+s-1 


Ps+l 


Ps+m—1 


Ps+m 


Pk+s+m—A 


Ps+m-2 


Ps+m 


Ps+m+l 


■ ■ Pk+s+m—3 


Ps+m—l 


a s +i 


Oi s +2 


ak+s-2 





\ p ( 



+m+l Ps+m+2 



Pk+! 



+m-2 



P 



s+m 



J 



From (17. 2fl . (17.3H . (17. 4p and (17. 5p we obtain by elementary rank considerations 



r(D. 



s+m— 1 



x(k-2) 



(to,Vo)) =io-l, 



(7.8) 



r(D. 



s+m 



x(fe-2) 



(to,Vo)) = «o - 1- 



s+m 



x(k-l) 



Consider now the matrix D,^ 
by delating the first column, that is 



(to, 770) obtained by the matrix D 



xk 



(to,Vo) 



Q 2 


«3 


exjfc-1 


ak 


lh 


P3 ■ 


Pk-i 


Pk 




«4 


ak 


a k +i 


Ps 


Pa 


Pk 


Pk+l 


"s 


a s +i 


a k +s-3 


ak+s-2 


Ps 


Ps+l ■ 


Pk+s-3 


Pk+s-2 


Ps+l 


Ps+2 ■ 


Pk+s-2 


Pk+s-1 


Ps+2 


Ps+3 ■ 


Pk+s-1 


Pk+s 


Ps+m-1 


Ps+m 


Pk+s+m-A 


Pk+s+m-3 


Ps+m 


Ps+m+l ■ 


Pk+s+m—3 


Pk+s+m-2 



a s +i a s+2 

\ Ps +m+l Ps+m+2 



a k +s-2 
Pk+s+m-2 



a k +s-l 
Pk+s+m-l / 
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From CL2D, CLE}, ((ZZZI) and (JTSD, we obtain 



r(D, 



s+m— 1 



x(fc-l) 



(to,»»)) = r(Z> : 



s+m 



x(fc-l) 



(*0,%)) = 



We get 



# 



«0 


- 1 


io 


\ 


*0 


- 1 


io 


io 


- 1 


io 


J 



> 0. 



s+m — 1 



Recall that 



# 





1 


io ' 


io ~ 


1 


io 


io~ 


1 


io , 



Pi/P fc+s _ 1 xPi/P fc+s+m _ 1 
denotes the cardinality of the following set 



{(t,rj) € Pi/P*+*-l x P 1 /P A+s+m _ 1 I r(D, 
x(fc-2) 



s-l 

s+m— 1 



x(k-2) 



r{D. 
r(D. 



s+m— 1 



2 

S 

s+m— 1 



(t,T/)) = i - 1, r(D, 



s-l 

s+m— 1 



x(fc-l) 



s+m 



(t,Tf)) = i - 1, r(L> 2 L 



x(fe-l) 



(t,T?)) = i , 



x(fc-2) 



(t,rj)) =to-l, r(D, 
We have now proved that 



s+m 



x(fe-l) 



(*j»7)) = *o}- 



# 



«0 


io + l 


«0 


io + 1 


io 


io + l 



> 



# 



/jo_ 



1 



i - 1 



V *o-l 



P/P fe+s _ixP/P fc+s+ 

m — 1 

We repeat this procedure and obtain after finitely many steps 



*o_\ 3 

io_J >0. 

m — I 



(7.9) 



# 





1\ 


(1 


1 




1 / 



> 0. 



P io /P t!+s _ixP io /P fc+a 
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From 



D. 



s+m 
io+1 ' 



x(fe-io) 



"io+l 


Q io+2 




+3 




OLk 


Qi 4-1 


3i 4.9 


/3j +3 




3b 




"10+3 


% 


+4 


ryi. 




/3i 4-9 
M«o+2 




Pio+4 




3hj--\ 
mk+1 




a io+s 




5+1 


OCk+s-3 


Ofe+s-2 


3lQ + S 




A + 


s+2 


3k+s—3 


3k+s—2 


3io+s+l 


fto+s+2 


Ao + 


s+3 


/-'/c+s— 2 


Mfc+s — 1 


0io+s+2 


A +s+3 


A + 


s+4 


flk+s-l 


Pk+s 


3io+s+m—2 


/^io+s+m— 1 




s+m 


/5fc+s+m— 4 


A+s+m-3 


/^io+s+m— 1 


Ao+s+m 


Pio+5+m+l 


■ A+s+m-3 


fts+m+k-2 


a io+s 




a i () +s+2 


«A+s-2 


O-k+s-1 



V 3io+s+m fto+s+m+1 ^io+s+m+2 



3k 



+s+m-2 



3k- 



-s+m— 1 > 



we obviously get 



# 










i 


V o 


i / 




Recall that 



denotes the cardinality of the following set 



{(i,7?) € Pio/Pjfc+5-1 x Pi /P fc - 



r(L> 



s-1 

s+m— 1 



x(fe-io-l) 



(i,r?))=0, r(D 



8-1 

s+m— 1 



x(fc-io) 



(M)) = l, 



r(D 



s+m— 1 



x(fc-io-l) 



(t,ry))=0, r(D 



s+m— 1 



x(k— io) 



(t,r 1 )) = l, 



s+m 



x(fc-io-l) 



(i,r ? )) = 0, r(D 



s+m 



x(fc-io) 



(<^)) = l}- 



□ 



Lemma 7.2. M^e have 



(7.10) 



# 



i 


i + l 


i 


i+l 


i 


i+l 



if < i < inf(2s+m-3, fc-2), 



I t;+s _ 1 xP/P fc+s+m _ 1 
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(7.11) 



# 



# 



P/P fc+s _lXP/P fe+s 



if < % < inf(2s+m-2,/c-l), 



+ 1 / 



P/Pfc +s _lXl 



"fc + s+m-1 



(7.12) 



# 



i 


i 


i 


i + l 


i 


i + l 



.# 



P/P fe+s _lXP/P fc+ .. 



+m-l 



if 0<i< inf(2s+m-2, fc-1). 



P/P fc+3 _lXP/P fe+ 



S + m — 1 



Proof. The Lemma follows respectively from Lemmas 17. 1\ 16.141 and 16.101 □ 



8. STUDY OF THE REMAINDER A 4 L J ** IN THE 
RECURRENT FORMULA 

From the rank formulas established in sections 6 and 7, we deduce by elemen- 
tary rank considerations the following formula for 1 < i < 2s + m, k > i + 1 



A 



xk 



i+l 



s-1 
s— 1+m 



j=i-2 

where the aj € Z are explicitely determined. 
We get 



A- 



X.k 



x(i+l) 



whenever k > i + l. 



Let (31,32,33) G recall that we define 



a 



Xk 



3l ,32,33 



to be the cardinality of the following set 



r \s+m— 1 xfe s+m— 1 xfc 

|(t,» 7 )GP/]Pfc +a -ixP/]P fc+a+m _i|r(uL J (t,t ? ))=ji, r(£)L J (t,v))=h, 

s+m xfc ~| 

r(Z?L J (*,»?))= Ja). 
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Lemma 8.1. For l<i<2s + m — 3, k > i + 1 we have 



- s—1 - 

S+m-1 




- s — 1 - 

s + m-1 














,2,2 


= °i 


2,2 



x(i+l) 



(8.1) 

Proof. The formula (|8.ip is obvious for k = i+1. 
We consider the following partition of the matrix 



D 



0L\ 


a 2 


Q' 3 


Oik-l 


OLk 


a 2 


a 3 


«4 




OLk+1 


Oia-l 


a s 




a s +k-3 


Ois+k-2 


fa 


fa 


fa 


Pk-l 


fa 


fa 


fa 


fa 


fa 


Pk+1 


Pm+1 


Pm+2 


Pm+3 


Pk+m-1 


Pk+m 


Ps+m-1 


Ps+ra 


fa+m+1 


Ps+m+k-3 


Ps+m+k-2 


a s 




a s +2 


Ois+k-2 




Ps+m 


Ps+m+1 


Ps+m+2 


Ps+m+k—2 


Ps+m+k-1 



Let k > i + 2. Using Lemma l7.ll we obtain by elementary rank considerations 



2) 

e—1 



x k 



-(: 











i 






i 


% I 


p/p 




i - 


- 1 




+ # 


i - 


- 1 


i 


V 




i 


* 1 


-t 


i 






i 


i 






i 


% ) 


p/p 



Hl _ 1 xr/r t+I+m _i 



p t+J -ixr/r fc+s+m _i 



i-1 


i 




i 


i 


i 





fi-i 


i 


* 


i - 1 


i 






i 



" Hs _ixr/r Hl+m _i 



rt + ,_ixr/r t+ , +m _i 



P fc + 3 _lXP/P fc + s + m _i 

Further, by Lemma 17.21 we have 
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(8.3) 



x(fc-l) 



4 -a. 



= # 


( 


i 


V 


% 


i 








i. 


/ P/P fe+s _lX 




( i 




i \ f 


i 


i 




V * 


i - 


f 1 / p/p fe+3 




•( 


i 


i \ 9 


= 4- 


i 


i 






i 


1 J r/r k+ s- 



1 1 


j 


V 


* i 


i -+ 


- 1 


\ * 


i 4 


" 1 / P/P fe+3 _lXP/P fc+s+m _ 1 


+ *( 


f i 


1 + 1 \ f 


i 


i + 1 


i 


V * 


1 + 1 / P/P fc+3 „ 1 xP/P fc+s+ 



fe + 3 -ixP/P fc+3 + m _i 



By fO]) . we deduce 



s-l - 



x(fc-l) 



xfc 



(8.4) 



for all k > i + 2. 



Hence by ()8.4|) we obtain successively 



xfc 



s-l 1 
»+m-l 



/3s + „ 



x(fc-l) 



0s + r, 



x(fc-2) 



= . . . = a, 



s-l 1 
s+m-1 



/3s + „ 



x(i+l) 



□ 



Lemma 8.2. For a/Z i smc/i that l<i<2s + m — 3 we ftawe 



(8.5) 



s-l 
s + m-1 



x(i+l) 



4-r 



s-l 
s— 1+m 



s-l 
s — 1+m 



x(i+l) 



■ i+1 



Proof. Consider the following partition of the matrix 



x(i+l) 



D 
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O2 


u o 






a 2 






ai+i 


Oti+2 


a s -i 


a s 






CH+s-l 


8-1 


'■'2 










ft 


ft 


Pi+1 


ft+2 


Pm+1 


Pm+2 


/3 m +3 




Pi+m+1 


Ps+m-1 




Ps+m+1 


Ps+m+i-2 


fts-\-m-\-i— 1 




Oi s +l 


a s +2 


a s +i-i 




Ps+m 


Ps+m+1 


ft+m+2 


ft+m+i-l 





By elementary rank considerations and using Lemma 17. II we obtain 



(8.6) 



x(i+l) 



# 



# 



# 



2 


2' N 




/2-1 


2 N 




2 


2 




+ # 2 


2 




2 


* / 


P/P; +a xP 


/p i+s+m v * 


4 J 


¥/ 


2 - 


- 1 


i \ ^ 




- 1 


i 


2 - 


- 1 


2 


+ # 2 - 


- 1 


i 


2 


' / P/Pi-j 


s xP/P i+s+m \ Z " 


- 1 


i 



P/P i + s XP/Pi + s + T , 
7! 



P/Pi +s XP/P i+s 



7 



P/P i+a xI 



Further, by Lemma 17.21 we have 



(8.7) 



4-cr„- 



4 • 4 ■ r 



s-1 
s— 1+m 



2 


2' \ " 


2 


i 


2 


1 1 p/ 


2 


2 


2 


i 


2 


2 + 1 



P/P i + 3 XP/Pi +s + „ 
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2 4 


- 1 










V/ 






i + 




2 


i + 


1 




V * 


i + 


1 



P/P i+s xP/P i+s+? , 
4 



# 





i + l 


* i 


i + l 


V * 


i + l 
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4- 



# 



V * 



+ 4-r 



s-l 
-1+m 



x(i+l) 



i+1 



Combining 1(5^]) . (|5T]) we deduce 



(8.8) 



16 -r 



s-l 
s — 1+m 



= 4-0-. 



x(i+l) 



4 . r L s -!+™ 



X(i+1) 



and (|8.5p is established. 



□ 



Lemma 8.3. Let s > 2 and to > 0, we have in the following two cases 
The case 1 < k < 2s + m — 2 



(8.9) 



xfc 



1 

= { 4-r 
4-r 



s-l 
s — 1+m 



s-l 
s — 1+m 



s-l 
s— 1+m 

i+1 



x(i+l) 



x fe 



ifi = 0, k>l, 
if I < i < k- 1, 
if i = k. 



The case k > 2s + to — 2 



(8.10) o; 



xfc 



1 

4-r 
4-r. 



s-l 

s — 1+m 



s-l 

s — 1+m 

2s+m-2 



-r 

x(2s+rn-2) 



s-l 

s— 1+m 

fl 



x(i+l) 



ifi = 0, 

if 1 < i < 2s + m - 3, 
if i = 2s + m — 2. 



Proof. Combining 
easily Lemma 



8.ip and (|8.5|) and recalling the definition of er. 



xfc 



we deduce 
□ 



Lemma 8.4. The remainder A 



s+m 



X k 



in the recurrent formula is equal to 
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(8.11) 
1 

4-r 
4-r| 
7-r 
7-r 
7-r 
7-r 
7-r 



s-l 
s— 1+m 



s-l 
s — 1+m 



s-l 
s— 1+m 



s-l 
s — 1+m 



s-l 
s — 1+m 



s-l 

s — 1+m 



s-l 
s — 1+m 



s-l 
s— 1+m 



x2 



r 

3 

12 -r 
12 • r{ 
14 -r 



;<2 



s-l 
s — 1+m 



s-l 
s— 1+m 



s-l 
s— 1+m 



x3 



- 14 -r 

x(2s+m-2) 



s-l 
s — 1+m 

i-1 

s-l 

s — 1+m 

i-1 



-14 -r 
• r 



2s+m-2 

s-l 
s — 1+m 

2s+m-2 

s-l 
s — 1+m 

2s+?7i-2~ 



14 -r 



x(i-l) 
x(i-l) 



s-l 
s— 1+m 
2s+?n-3" 



■ r 
• r 



s-l 
s — 1+m 



s-l 

s — 1+m 



x(i-2) 



x(i-2) 



s-l 
s— 1+m 



X(i+1) 



i+1 



i-1 
x(2s+m-3) 



s-l 
s— 1+m 

2s+m-4~ 



x(2s+m-4) 



x(2s+m-2) 
x(2s+m-2) 



• r 



s-l 
s— 1+m 

2s+m— 3 



x(2s+m-3) 



ifi = 0, k > 1, 
ifi = l, k>2, 
ifi = 1, k = l, 
ifi = 2, k>3, 
if i = 2, k = 2, 

if3<i<2s + m-3,k>i + l, 
if 3 < i < 2s + m — 3, k = i, 
if i = 2s + m — 2, k > i, 
if i = 2s + m — 1, fc > i, 
if i = 2s + to, k > i. 



Proof. Prom ([8T9| and (|8?10|) and recalling that A 

- s-l 



s+m 



Xfc 



is equal to 



xfc 



- 3 • cr. 



xfc 



i-1 



,i-l,i-l + ^ • CTj_2,i— 2, 



xfc 



i-1 



we deduce easily Lemma I8T4 



□ 



Lemma 8.5. We have for all i such that 0<i<2s + m — 3 and /or all k > i + 1 



(8.12) 



(8.13) 



s+m 



X A: 



s+m 



x(i+l) 



s+m 



xfc 



s+m 



/or i G {2s + to — 2, 2s + to — 1, 2s + to} , k > i. 



Proof, rollows immediately from Lemma 



9. A RECURRENT FORMULA FOR THE DIFFERENCE 



□ 



x(fc+l) 



r 



Xfc 



1 < i < 2s + m, k > i + 1 



In this section we deduce from the recurrent formula in Lemma 1 5 . 1 41 and from the fact 



that the remainder A, 
formula 



s+m 



x k 



is independent of k if k > i + 1, the following recurrent 



s+m 



X(fc+1) 



x fe 



= 4- 



s+(m-l) 

r L 

1 i-1 



x(fc+l) 



r t L _i 



s+(m-l) 



Xfc 



R(i, s, to, /c) if < z < inf (2s + to, fc — 1), where R(i,s,m,k) is equal to 
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ro 



if 1 < i < s - 1, k > i + 1, 



l+(s+m— 1) 
i+1 



x(fc+l) 



l+(s+m-l) 
J+l 



x A- 



->s+l 



l + (s+m-2) 



x(fc+l) 



l+(s+m-2) 



xfe 



if i = s + j, < j < inf (s + ro, fc — s — 1). 
If i = s+j we set R(i,s,m,k ) = R(j,s,m,k) where < j < inf (s + ro, k — s — 1). 



Lemma 9.1. Lei s > 2, m > and fe > 1, i/ien T 



s+m 



xfe 



4-r 



s+(m-l) 



xfe 



is given by 



(9.1) 



< 



5 . 2 <-i + ^ 2^ 'A, 1 * 



xfe 



-.s-l 



r 



|_l+m+ 



(8-1) 



Xfe 



4-r 



l+m+(s-2) 

2 — S 



xfe 



i-(s-l) 

Proof. The first case 2 < i < inf(s — 1, fe) 
Set for 1 < i < inf (2s + to, /c) 

f2i(s,TO, /c) = r 



8— J 

s-j+(m+j) 



xfe 



if2<i< inf(s - l,fe), 



if s < i < inf (fc, 2s + m). 



4-r 



s+(m-l) 
-1 



x fe 



SO 



s-l 

i2,_i(s - 1,to+ l,fc) = l i L _ 1 



xfe 



4-r 



s-l 
s— 1+m 
i-2 



xfe 



We obtain then by Lemma 15.141 



(9.2) 



r, 



s+m 



xfe 



2 ■ r 



s-l 
s-l + (m+l) 
i-1 



x fe 



4-r 



s+(m— 1) 
i-1 



X A: 



8-r 



s-l 
s — 1+m 

i-2 



x fe 



s+m 



xfe 



(9.3) 



Qi(s, to, fe) = 2 • Qj_i(s - 1, m + 1, fe) + A 



s+m 



xfe 



By (|9.3[) we obtain succesively 



Qi(s,m,k) = 2 ■ ni_i(s - l,m+ l,fc) + A| 



2 • f2i_i(s - l,m+ l,k) =2 • 2- fV 2 (s - 2,m + 2, fc) + A i L _ 1 



[s-l + (m 



m + 1) 
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2 J ■ -j,m + j, k) = 2 3 ■ 2 ■ £li- u+1) (s - (j + 1), m + (J + 1), k) + A 



s— 3 
s — j + (m+j) 



% —3 



s-(i-1) fc \ 

• Q Mi _ 2) (a - (i - 2), m + (i - 2), A) = 2 1 ^ • I 2 • r2,_ (i _ X ) - (i - 1), ro + (i - 1), A) + A L«-W-3)+(™+C*-»>)J x 



By summing the above equations we get 



(9.4) 



i-2 



j-2 



i-2 



£ 2»" • n*_,-(s - m + J, fc) = J] 2i+1 • n i-(j+i)(* " 0' + 1), m + (J + 1), fc) + E 2i ' A i-i ' 



s~3 
-j+(m+j) 



xk 



3=0 



3=0 
i-1 



j=0 



i-2 



£ 2> • ^-(a - j,m + j, k) + J2 2j ■ A 

i=i j=0 



8-J 

s-j+(m+j) 



xfc 



By (|9.4|) we get after some simplifications 



(9.5) Ui(s,m, k) 



l),ra|(i-lU) + V?.Aj 



J'=0 



8-J 

s-j+(m+j) 



Xfc 



By the definition of Qi(s,m, k) we have Oi(s 



l),m + 



1),*) 



-i+l 



4-r, 



s-i+l 
s+(m— 1) 



Recall that D 



a-i + l 

s+m 



xk 



D 



D, 



(s— i+l) xfc 



(t) 



(s + m) X fc 



denotes the following (2s + m 



« + 1) x k matrix where the first (s -i +1) rows form a (s — i + 1) x k persymmetric 
matrix and the last ( s+m) rows form a (s + m) x k persymmetric matrix with 
entries in F2 



91 



JORGEN CHERLY 



a 2 a 3 a 4 ... a k a k+ i 

&s-i+l Ots-i+2 Qs-i+3 ■ ■ ■ ®s-i+k-l ®s-i+k 

01 02 03 ••• fa-l 0k 

02 03 04 ... 0k 0k+l 



0m+l 0m+2 0m+3 ■ ■ ■ 0k+m-l 0k 



Ps+m—l 0s+m 0s+m+l ■ ■ ■ 0s+m+k-3 0s+m+k-2 
V 0s+m 0s+m+l 0s+m+2 ■ ■ ■ 0s+m+k-2 0s+m+k-l I 



Then obviously we have 



rj 



xfe 



= Card | (t, v) G P/Pk+s^-i x P/P fe+s+m _ a | r(£>[*+™] xfc M)) = 1 
= Card {(t, 77) e P/P fc+S _,_i x P/P fe+5+m _ 1 I r(D (s 

-i+i)xk{t)) — 0, r(-D( s _|_ m ) X fc 
+ Card {(t, 77) e P/P^^i x P/P )b+s+m _ 1 | r(£> (s _ i+1)xfc (t)) = 1, r(D (s+m)xk (r))) = 0} 

+ Card I (t, 77) GP/P fc+ ._ i -i I r(D ( ._ i+1)xfc (t)) = 1, K^W^M) = 1, r(i?[ s+ " 1 ] xfc (i,ry)) 

= 3 + 3 + 3 = 9. 



And (|9.ip follows in the first case. 

The second case s < i < inf (2s + m, k) 



We proceed as in the first case. 
Again by (|9.3[) we obtain succesively 

Qi(s, m, k) = 2 • 0,_i(s - 1, m + 1, fc) + A, 



Xfc 



s-1 

2 • Qj_i(s- l,m+ l,fe) = 2-1 2.^_ 2 (s-2,77i + 2, fc) + Af_7 1+(m+1) 



X fc 



2^ • £VjO - J,m + j, fc) = 2-> • 2 • n Mj+1) (s - (j + 1), m + (j + 1), k) + A 



s-J 
s-j+m+j) 



x fc 
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2 s - 2 • fi<_(.-2)(* - (s - 2), m + (s - 2), k) = 2 S ~ 2 • ( 2 • fl<_(«-i) (s - (s - 1), m + (s - 1), fe) + A 
By summing the above equations we obtain 
(9.6) 

s-2 s-2 

£ 2* • fli-jis -j,m + j, k)=J2 23+1 ■ n *-Ci+i) ( s - ^ + !). m + 0" + 1). fc ) + E 2j ' A .- 



s-(s-2) 
s+m 
i-(s-2) 



xfe 



3=0 



3=0 
s-1 



s-2 



By ()9.6|) we get after some simplifications 



3=0 

-3 

s—j+(m+j) 
3 



Xk 



s-2 B-3 

(9.7) n t (s, m, k) = 2 s - 1 ■ n z _ {s _ 1} (1, m + s-l, k) + E 2J " A » 

3=0 



s-j+(m+j) 
3 



xk 



l+m+(s-2) 
z— s 



By the definition of f2j(s, m, k) we have flj_( s _i) (1, m + s — 1, fe) = I\ 

1 xfe 

And ()9.1j) follows in the second case. 
Lemma 9.2. VKe /icrae 



l+m+(s-l) 
-(s-1) 



Xk 



■A- 



□ 



(9.8) 

r 



)S + 1 



s 

s+m 


x(fc+l) 


s 

s+m 


x k 




s 

s+(m— 1) 


x(fc+l) 


s 

s+(m— 1) 












-1 


-r, 


-1 


s 

s+m 


x(fe+i) 


s 

s+m 


X fe 




s 

s+(m-l) 


x(fe+l) 


s 

s+(m— 1) 




-r, 




= 4- 




-1 


-r, 


-1 



xfe 



x fe 



i/2<i<s-l, fc>i + l, 



1 

l+(s+m- 


-!)_ 


x(fe+l) 


i 

l + (s+m- 


1)_ 


X fe 


i-(s-l) 




-r 








1 

l + (s+m- 




x(fc+l) 


1 

l+(s+m- 




X fe 






-r, 


— s 







if s < i < 2s + m, k>i + l. 



Proof. By ((1TT2")) we obtain 



E 2 ' A i- 

3=0 

and equally 



s-j + (m+j) 



x(fe+l) 



i-2 

E 2J A- 

i=0 



xfe 



/or 2 < i < s - 1, fe > i + 1 



E 2JA 



»-3 
s-j+(m+j) 



x(fe+l) 



s— j+(m+i) 



xfe 



E 2 ^ L - 

i=o 4=0 

Lemma 19.21 now follows from Theorem 19.11 using the above equations 



for 2 < s < i < 2s + m, k>i + l. 



□ 
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10. COMPUTATION OF THE REMAINDER R(j,s,m,k) IN THE 
RECURRENT FORMULA FOR THE DIFFERENCE 

r[;+ m ] x (fc+1) - r[;+ m ] x k for o<j< s + m,k>s + j 



From a formula of T, 



1 

l+m 



xfc 



obtained in [4] we compute in this section the remainder 

xfc 



R(j,s,m,k) in the recurrent formula for the difference T 
By definition we have for s < i < inf(2s + to, k) 



s 

s+m 


x(fc+l) 


s 

s+m 









^i-( s -i)(l,m + s - l,k) = T 
Set i - s = j, then 

to + s — 1, k) = r 



l+m+(»-l) 



-4-r. 



l+m+(«-2) 



xfc 



l+ro+(s-l) 

i+i 



xfc 



4-r} 



l+m+(«-2) 



xfc 



Lemma 10.1. We /wrae Theorem 3.8 [see [4] } with m — > s + m — 1, m — ► s + m — 2 
T/ie case s+m -1 = 0, k > 2 



l+(s+m-l) 



xfc 



= r 



xfc 



= < 



1 if 3= 0, 

3-(2 fe -l) //'./ 1. 

2 2fc_ 3 . 2 fc + 2 ifj = 2. 



The case s+m -1 = 1, k > 3 



T/ie 



l+(s+m-l) 



3 < fc < S + TO 



xfc 



= r 



i 

i+i 



xfc 



'1 if 3 = 0, 

2 fe + 5 if 3 = 1, 

11 • (2 fc - 1) if 3=2, 

2 2fc+l _ 3 . 2 fc+2 + 2 4 ifj = 3 . 



l+(s+m-l) 



xfc 



r 2 fe + 5 



j = o, 

3 . 2 fc+2j-2 + 2i . 2 3j-2 if 1 < j < k - 2, 

2 2fc+ 5 +m-l _ 5 . 2 3fe-5 ifj = k-l. 



The case 4 < s + to < fc 



l+(s+m-l) 

j+i 



xfe _ I 3 • 2 fc+2 J'- 2 + 21 • 2 3 ^ 2 i/ 1 < j < s + to - 2, 

~ | H[2 fe + 2s + 2m - 4 - 2 3s + 3m - 5 ] if j = s + m - 1, 

I 2 2fc+s+m-l _ 3 . 2 fc+2s+2m-2 _|_ 2 3s+3ro-2 if j = s + m 



The case 3 < k < s + m 



l+(s+m-2) 



xfc 



= < 



r 1 if 3 = 0, 

2 fe + 5 if 3 = 1, 

3 . 2 fc+2j-4 + 21 . 23J-5 if 2 < j < k - 1, 

k 2 2fc + s +™- 2 - 5 • 2 3fc - 5 i/ j = fc. 
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The case 4 < s ■ 



< k 



l+(s+rn-2) 



x k 



1 

2 k + 5 

3 . 2 k+2j-4 + 21 . 23J-5 

^ ^2^+2s+2m — 6 _ 23s — 3m — 8j 

^2k-\-s-\-m— 2 ^ . 2^~t~2s+2m — ^ -|_ 23s+3m — 5 



4f j = i, 

if 2 < j < s + m - 2, 
i/j = s + m - 1, 
i/j = s + m. 



Lemma 10.2. For < j < s + m, k > s + j + 1 



18-1 



l+(s+m-l) x ( fc + 1 ) l+(s+m-l) 



xfc 



- i+i x j+i 

is equal to 

if j = 0, k>s + l, 
if 3=1, k>s + 2, 
if2<j<s + m-l, k>s+j + l, 
-3 • 2 2k+2s+m ~ 2 ifj = s + m, k>2s + m + l. 

Proof. From Lemma 110.11 we deduce 
In the case j = 0, k > s + 1 



l+(s+m-2) x( fc +!) l+(s+rn-2) > ''' 




l+O+m-X) x ( fc + 1 ) l+(s+m-l) >/ ' 



= 2 s - 1 [(2 fc+1 + 5) - (2 k + 5)] - 2 S+1 [1 - 1] = 2 k+s -\ 
In the case j = 1, fc > s + 2 



1 

l + 0+m-2) 


x(fc+l) 


i 

l + 0+m-2) 


x fe 





-r ( 


) 





l+(»+m-l) 



x(fc+l) 



l+(s+m— 1) 



xfc 



)S+1 



i 

l + (a+m-2) 



x(fc+l) 



l+(s+m-2) 



x/c 



= 2 s - 1 [(3 • 2 fc+1 + 42) - (3 • 2 fe + 42)] - 2 S+1 [(2 fc+1 + 5) - (2 fe + 5)] 
3 l 2^+ s ~i 

In the case 2 < j < m — 1, s + j + 1 < k < s + in 



is-l 



l+(s+m-l) 
3+1 



x(fc+l) 



l+(s+m— 1) 
3+1 



xfc 



1 

l + (s+m-2) 



X(fc+1) 



l+(s+m-2) 



x/c 



= 2 S_1 [(3 • 2 fc+2j ~ 1 + 21 • 2 3j ~ 2 ) - (3 • 2 fc+2 -?~ 2 + 21 • 2 3 - J ~ 2 )] 
2 S+1 [(3 • 2 fc+2 ^ 3 + 21 • 2 3j '~ 5 ) - (3 • 2 fc+2 ^ 4 + 21 • 2 3 ^ 5 )] 
3 • 2^~^"^"'~ s— ^ 3 • 2^^^~^ s— ^ o 
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In the case 2 < j < m — 1 < s + m — 2, k > s + to 



l+(s+m-l) 



x(fc+l) 



l+(s+m-l) 
j+1 



xfc 



2 ,+l 



l + (s+m-2) 



X(fe+1) 



l + (s+m-2) 



xfc 



= 2 s " 1 [(3 • 2 fc+2 ^ 1 + 21 • 2 3j_2 ) - (3 • 2 fe+2 ^ 2 + 21 • 2 3 ^ 2 )] 
- 2 S+1 [(3 • 2 fc+2 ^ 3 + 21 • 2 3j '- 5 ) - (3 • 2 k+2j - A + 21 • 2 3 ^ 5 )] 
= 3 • 2 fe+2: ' +;s ~ 3 — 3 • 2 fc + 2 -?+ s ~ 3 = 

In the case 2<m<j<s+m— 2, k>s+j + l>s + m+l 



2 s-i 
= 2 S_1 



l+(s+m-l) x(fc+l) l+(s+m-l) > ; 



_ 2 s+l 



l+(s+m-2) x(fc+l) i + ( s+m _ 2 ) xfe 



[(3 • 2 fc+2j - 1 + 21 • 2 3j '" 2 ) - (3 • 2 k+ ' 
- 2 S+1 [(3 • 2 fc+2 ^ 3 + 21 • 2 3j ~ 5 ) - (3 • 2 fc+2 ^ 4 + 21 • 2 3 ^ 5 )] 
= 3 • 2 fe+2: ' +;s ~ 3 — 3 • 2 fe + 2 -?+ s ~ 3 = 

In the case j = s + m — 1, k>s + j + l = 2s + m 



l+(s+m-l) X(fc+1) 



s+m 



l+(s+m-l) 
s+m 



xfc 



2 S+1 



l+(s+ro-2) x(fc+l) 
s+m— 1 



l + (s+m-2) 
s+m— 1 



xfc 



2 S ~ 1 ^-^^2^+ 2s +2m — 3 23s+3m — 5^ ^ ^ ^2^+2s+2m — 4 2^s+3m — 

— 2 S+1 'y\\(2 k+2s+2m ^ b — 2 3s+3m ~ 8 ) — ll(2 fc+2s+2Tn— 6 — 2 3s+3m_8 )] 
2^+ 3s + 2m— ^ 11 • 2^+ 3s + 2m ~ ^ 

In the case j = s + to, fc>s+j + l = 2s + m + l 



l+(s+m-l) 
s+m+1 



x(fc+l) 



l+(s+m-l) 
s+m+1 



xfc 



2 s+l 



l + (s+m-2) 
s+m 



x(fc+l) 



l + (s+m-2) 
s+m 



xfc 



2 s-l ^ 2 2k+ 



s+m+1 



g _ 2 fe + 2s + 2m_1 _|_ 2 3s + 3m ~ 2 ) _ (2 



2fc+s+m- 



1 — 3 2 fe+2s+2m ~ 2 + 2 3s + 3 " 1-2 )] 



— 2 s+l \^2 2k+s+m — 3 • 2 k+2s+2m ~ 3 + 2 3s + 3m_5 ) — ^2 2fc + s +" 1-2 — 3 . 2 fc + 2s + 2m_4 _|_ 2 3s + 3m ~ 5 )J 

— 2 S ~ 1 [3 • 2 2k+s+m ~ 1 — 3 • 2 fe + 2s + 2m_2 j — 2 S+1 [3 • 2 2fe+s +" l ~ 2 — 3 • 2 fc + 2s + 2m ~ 4 ] 

_ g _ 22fc+2s+m-2 



In all the others cases the proofs are similar. 



□ 



Lemma 10.3. We have for s > 2, m > the following recurrent formula for the differ- 





s 

s+m 


x(fc+l) 


s 

s+m 


ence T t 




-r, 





xfc 



w/iere < i < 2s + to, fc > i. 
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(10.1) 



S+7TI 



s+m 
s+j 



x(fc+l) 



X(fc+1) 



'2fc+s-i 




s+m 



x A: 



= 4- 



x A; 



= 4- 



s+(rn — 1) 

i-i 

s 

s+(m-l) 
s+j-1 



x(fc+l) 



x(fc+l) 



s+(m— 1) 

i-i 

s 

s+(m— 1) 

s+i-i 



xfe 



x A: 



ifl<j<s-l, k>j + l, 



if 3 = 0, k>s+l, 
if 3 = 1, k>s + 2, 
if2<j<s + m-l, k > s + j + 1, 



_ 3 . 2 2fc+2 S +m-2 ifj = s + mj k>2s + m + l. 



Proof. Lemma 110.31 follows from Lemma 19.21 and lemma 110.21 



□ 



11. COMPUTATION OF r L +" ,J fori<s-l,i<k-l,m>0 
In this section we apply successively the recurrent formula (|10.1jl for the difference 



r L + m Jx( fc +!) 



s xfe s x A; 

r to compute r for i < s — 1, i < k — 1, m > 0. 



Lemma 11.1. Consider the matrix 





o 2 


a 3 


afe-i 


Ctfe 


a 2 




a4 


"A- 


afc+1 






a s +i 


a s +A;-3 


«s+A;-2 


a s 






a S +A;-2 


«s+A;-l 


Ih 


ft 


ft 


ft-i 


ft 


P2 


ft 


ft 


ft 


ft+i 


Pro+1 


Pro+2 


Pm+3 


Pfe+m-l 


ft+m 


Ps+m-1 


ft+m 


ft+m+1 


ft+m+A;-3 


Ps+m+k-2 


Ps-\-m 




ft+m+2 


ft+ro+fc-2 


Ps+m+k-1 



Let 9k,s,m(t,r]) be the quadratic exponential sum in P x P defined by 

(t,ry)ePxPi — ► ^ ^ E(tYZ) ^ E{rjYU)eZ. 

degY <k — l degZ<s—l degU <s+m— 1 



(ii.i) 



inf (2s+m,fc) 
i=0 



s+m 



xA; 



_ 22fc+2s+m-2 

and 
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(11.2) 



inf (2s+m,fc) 

E r 



s+m 



xfc 



2~ i 2^'+2s+m — 2 _j_ 22fc — 2 c^ — l 



Proof. The proof of (|11.1|) is obvious. 

By Lemma l4.6l we obtain, observing that gk, s ,m(t, rj) is constant on cosets of P/c+ s _i x 

™fc+s+m-l 



/ gk,s,m{t,ri)dtdr) 

JVxV 



E 

(t, J? )eP/p fc+s _ 1 xP/p t;+s+m _ 1 

inf(2s+m,fc) [ 

Es+m 
rj- 

i=0 



U+m xfc 
22s+m+fc-r(I5L J (i,rj)) 



dt 

P fe+S _l JP fc + s ... 



rZ// 



xfc 



22s+m+fc- 



/ dry 

k+S— 1 ''Pfc+S + TTl-l 



inf(2s+m,fc) 
2 -fc+2 . ^ p 

8=0 



Xfc 



•2" 



On the other hand 



/ 9k,s,m(t,rj)dtdr) = CW{(Y, Z, U), de 5 Y < fc - l,de 5 Z < s- l,degU < s + m - 1 | Y • Z = Y ■ U = 0} 

JPxP 



22s+m _i_ 2^ ^ 

The above equations imply (|11.2p . 
Lemma 11.2. We have for all j > 1 



□ 



(11.3) 



5 

s+m 


x A; 


j 
j 









7j /or s > j + 1, k> j + 1, m > 0. 



Proof. The proof is by strong induction, that is: 
If 

• {Hi) is true, and 

• for all j > 1, (i?i) A (i? 2 ) A . . . A (Hj) implies (H j+1 ) 
then (i?, ) is true for all j > 1. 

(ifi) is irue 



Indeed from (fTUTTj) with j = 1 



rj 



s+m 



x(fc+l) 



s+m 



xfc 



= 4- 



s+(m — 1) 



x(fc+l) 



s+(m-l) 



xfc 











2, m > 

which implies that (TJj) holds for j = 1, that is 



for all s > 2, k > 



(11.4) r} 

(ffi) =► (H 2 ) 



s+m 



X A: 



s+m 



= 7i=9 V s > 2, V fc > 2, ra > 0. 



From (TIUT|) with j = 2 
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s+m 



x(fc+l) 



s+m 



xfc 



= 4 ■ 



3, to > 0. 

Hence by (|11.4[) we have 



(11.5) 
Consider the matrix 



ri 



s+(m — 1) 



x(fc+l) 



s+(m-l) 



xfc 



for all s > 3, k > 





s 

s+m 


xk 


s 


x3 


r. 




= r 5 




for all s > 3, k > 3, to > 





«2 


a 3 






O4 




a s +i 




ft 


ft 


ft 


Pi 


ft 


ft 



Pm+1 Pm+2 Pm+3 
\ Ps+m Ps+m+1 ft+m+2 j 

We have respectively by (fTTTTj) . (fiX2"|) with k = 3 



(11.6) 



s+m 



x3 



22s+m+4 



(11.7) 



i=0 



s+m 



x3 



■ 2 



-i £)2s+m+l I q4 



2 4 -2. 



From (fTTT6"|) and (fTl~T)) using fTl~4"]) we deduce 



s+m 



x3 



X3 



78 and T 



s+m 



x3 



2 2s+m+4 _ gg 



which implies, using (|11.5p . that (Hj) holds for j = 2, that is 



r 



s+m 



X k 



(11.8) 

(.Hi) A (gg) implies (H 3 ) 
From (fTDTT]) with j = 3 

r, 

4, to > 



x3 



78 Vs > 3, Vfc > 3, Vto > 0. 



s 

s+m 


x(fc+l) 


s 

s+m 


xk 




s 

s+(m— 1) 


x(fc+l) 


s 

s+(m-l) 


: 


-r. 




= 4- 











xfc 



for all s > 4, fc > 
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Hence by f| 1 1 . 8[) we have 



(ii.9) r 

Consider the matrix 



s+m 



xfe 



= r 



s+m 



for all s > 4, k > 4, m > 0. 



«1 


a 2 


a 3 


Q4 


o 2 




04 




a s 


a s +i 


«s+2 


a s +3 


fh 


ft 


ft 


ft 


fa 


ft 


ft 


ft 


m+1 


/3m+2 


ftn+3 


ftn+4 



\ /3s+m ft+m+1 Ps+m+2 ft+m+3 / 

We have respectively by (fTTTTj) . (fTLl?)) with k = 4 



(11.10) 



i=0 



s-\-m 



x-4 



-)2s+m+6 



(ii.il) 



E r 

z=0 



s+m 



2~ 'i ^s-\-rn-\-2 j_ 26 _ 2^ 



From (jll.lOj) and (111. lip using ([TL5| and (fTO]) we deduce 



s 

s+m 


x4 


3 
3 


x4 


! 


= r r 




= 648 



s+m 



x 1 



= 2 2s+m + 6 - 736 



which implies, using (|11.9j) . that (Hj) holds for j = 3, that is 



(11.12) 



s+m 



Xfe 



= r 



x4 



= 648 = 73 for all s > 4, k > 4, m > 0. 



(iJi) A (#2) A ... A (£Zj) implies (H J+1 ) 
From (fTTTTj) with j -> j+1 



s 

s+m 


x(fe+l) 


s 

s+m 


x A; 




s+() 


s 

n-1) 


x(fc+l) 


s 

s+(m-l) 


+ 1 


- r 

j 


+1 


= 4- 











2, k>j + 2, m > 0. 
By (ffj) we obtain 



Indeed if m = 



xfe 



for all s > j 



s+(m— 1) 



x(fe+l) 



s+(m— 1) 



x fe 
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= r 



s+(m-l) xfc ^ s-1+1 xk „ j x 0'+ 1 ) 



= r 



= 7j 



since 



If m > 1 



s - 1 < j + 1, k > j + 2 > j + 1, m -> 1 > 0. 



s+(i 


s 

n-1) 


x fc 


j 

3 






= r. 





x(i+i) 



1i 



since 



s > j + 2 > j + 1, fc > j + 2 > j + 1, m (m - 1) > 0. 
Thus, we obtain 



(11.13) r 
Consider the matrix 



s+m 
3+1 



xfe 



s+ra 
3+1 



x(3"+2) 



for s > j + 2, k>j + 2, m > 0. 



«1 


n 2 


a 3 


Otj+1 


a 3+2 


n 2 




a\ 


a j+2 






a s 




a s+ j-\ 


a s+j 




OL.s+1 


OL s+ 2 


a s+j 


a s+j+l 




02 




■ Pi+i 


P 3 +2 


ft 


03 




■ Pj+2 


ft+3 


Pm+1 


Pm+2 


Pm+3 


Pj+m+1 


Pj+m+2 


's+m— 1 




Ps+m+1 


Ps+m+j — 1 


Ps+m+j 


Ps-\-m 


Ps+ro+1 


Ps+m+2 


Ps+m+j 


Ps+m+j + 



We have respectively by (fTTTTjl . (fTTT2")) with k = j+2 

[ 



(11.14) 



(11.15) 



3+2 j» 



x(3"+2) 



x(3+2) 

_ 22j+2s+m+2 

and 

• 2 _ * = 2- 7+2s+m -+- 2 2 ^ +2 — 2-* 



Setting s = j+1, m = in (|11.14[> . (|11.15[) we have 
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(11.16) 



(11.17) 



i+2 

i=0 



x(j+2) 



24J+4 



i+2 [j+i 

2 = 



X(j'+2) 



and 



2~i _ 2 3 J+ 2 _|_ 2 2 J+ 2 — 2 J 



From (Hi) A (H2) A... A (Hj), it follows that 



(11.18) 



s+m 



x(i+2) 



i+i 
i+i 



x(j+2) 



= r 



x(i+l) 



= 7^ for < i < j. 



We deduce from (fTTTTll . (fTTl5| 



(11.19) 



r 



s+m 

j'+i 



x(i+2) 



= 2 3 ^+ 4 - 2 2 ->+ 2 + ^ 7,(1 - 2^'+ 2 - 



i=0 



and from (flTT6| . (fTTTTTjl 



i+i 

(11.20) rj£ lj " ' = 2 3j+4 - 2 2 ^'+ 2 + Y] 7i (l - 2»*+ 2 - i ) 



x(i+2) 



By ([nm, Hmg) and PT2"01) it follows that 



s+m 

i+i 



xfe 



i+i 
j'+i 



x(i+2) 



7 i+ i for all s > j + 2, fc > j + 2, m > 0. 



□ 



Lemma 11.3. We /lave 



(11.21) 



s+m 



xfe 



= 17 



x(i+l) h 

1 21 - 2 3l ~ 4 -3-2 



2i— 3 



if I < i < s - 1, fc > i + 1, m > 0. 



Proof. We have respectively by (jll.ip . (|11.2|) with k = i+1, s = i and m = 0, using (|11.3p 

(n.22) £if J =E^ + r M = 2 

J=0 j=0 
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and 



(n.23) ]Tr 

3=0 



i+l a 
3 



x(i+l) 



2- J = E^- 2 " i+r <+i 



x(i+l) 



From (|11.22p and ([ll. 23ft we get 



■yi+l 



X(i+1) 



x(i+l) 



i+l 



23i+l 2^i 



(11.24) 



& J2"ti ■ (2 i+1 ~ j - 1) = 2 34+1 - 2 2 \ 
Hence by (|11.24|) we deduce 



J2 7j • (2 i+1_J ' - 1) - 2 • ^ 7j , • (2 4 - J - 1) J = (2 3J+1 - 2 2j ) - 2 • (2 3 ^ 2 - 2 24 ~ 2 ) 
(11.25) 

i 

^^ 7j ^S-2 34 - 1 -2 24 - 1 . 

3=0 



From (|1 1 .25(1 wc get for i > 2 



z i— 1 



5^ 7i - ^ 7j - (3 • 2 3 *- 1 - 2 24 - 1 ) - (3 • 2 34 - 4 - 2 2i; - 3 ) 

3=0 3=0 
H x(i+l) 

<S> rf J = 7 i = 21 • 2 3 ^ 4 - 3 • 2 2t - 3 . 



□ 



Lemma 11.4. We have 



(11.26) 



xk 



= 2 2k+2s+m - 2 - 3 • 2 3fe ~ 4 + 2 2fc ~ 3 for 1 < k < s, 



(11.27) 



s-l [ s 

Es+m 

3=0 



xk 



3 . 2 3s - 4 - 2 2s ~ 3 for k>s, 



s-i r s 

s+m 



(11.28) J2 T 3 

3=0 



xk 



2-3 = 7 • 2 2s ~ 4 - 3 • 2 s " 3 for k > 
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Proof. Consider the matrix 



«1 


a 2 


a 3 


Uk-l 


Olh 


a -2 






Uk 


atk+i 




a s 


a-s+i 


Ois+k-3 


a s +k-2 


a s 




a-s+2 


Ois+k-2 


0! s + k-l 


Ih 


fa 


fa 


fa-1 


fa 




fa 


fa 


fa 


fa+1 


Pm+1 


Pm+2 


Pm+3 


Pk+m-l 


fa+m 


Ps+m-1 


Ps+m 


Ps+m+1 


■ fa+m+k-3 


fa+m+k-2 


Ps+m 


Ps+m+1 


fis+m+2 


■ fa+m+k-2 


fa+m+k-1 



Obviously by ()11.25|) we have 



s+m 



X k 



k—1 



22fc+2s+m-2 _ 

3=0 
k-1 

22k+2s+m-2 _ 

3=0 



xk 



We deduce (|11.27|) from l|11.25|) with i = s -1. 
From (|11.2ip we obtain after some calculations 



s-l 
3=0 



[s+n 



Xk 



s-l 



= 1 + ^(21 -2 2 ^ 4 - 3-2^ 



= 7 . 2 2 «-4 _ 3 . 2 a - 3 . 



□ 



12. COMPUTATION OF 

r U m ]x(fc+i) _ r U„] xfe / or o < j < s + m, ft > s + j + 1, m > 

In this section we apply successively the recurrent formula (|10.1|) to compute explicitly 
the difference r[#»] x(fc+1) - r[#" ]x \ 



(i2.i) r 



xk 



Lemma 12.1. We have 

'3 • 2 k+s - 1 if j = 0, ft > s, 

21 • 2 fe+s+3 J- 4 j/1 < j < s - 1, k>s+j, 
3 . 2 2fc+2s-2 _ 3 . 2 fc+4s-4 ■ =Sj k> 2s. 

Proof. From ([10. 1[) we have the following formula 



s 
s 


x(fe+l) 


5 
S 


_i_ 


-r 





EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVER1B? 



(12.2) 



s+m x(fc+l) s+m x & 



s+j 



r 



s+j 



= 4- 



+ (m-l)) x(fe+l) s+(m-l)) 



s+j'-l 



S+J-l 



'2 fc+s - 1 if j" = 0, k>s+l, 

-2 k + s ~ 1 if j = 1, k>s + 2, 

if 2 < j < s + m - 1, fc > s + j + 1, 

-3 • 2 2fc+2s+m - 2 if j = s + m, k>2s + m+ 1. 



The case j = 0, fc > s 



Applying formula ()12.2j) we obtain using (|11.21|) 



(12.3) 



x(fc+l) ° xk 

r s L J - ri- J = 4 • 



|i x(fe+l) 



-r 



s-l+l 



xfc 



->fc+s-l 



(12.4) 



"l+l x ( fe + 1 ) s— 1+1 xfc 



J x(fe+l) 



-r 



s-l 
s-1 



2&+s— 2 2^+s— 2 



From (fT2l?|) . we get 



(12.5) 



x(fe+l) ! xfc 

r rj -r s LJ = 4 • 2 fe+;5 ~ 2 + 2 k+s ~ 1 = 3 • 2 fe+s_1 . 



The case j = 1, k > s + 1 



We proceed as in the case j = using (|12.5p with s — » s — 1 



(12.6) 



x(fe+l) 



xfe 



s+1 



4- 



r -l+l x ( fe+1 ) s J -J 

Is 1 



Xfc 



)fc+S-l 



(12.7) r 



s-l 
s-l+l 



x(fe+l) 



s-l 
s-l+l 



Xk 



4- 



s-l 

s-l 



x(fc+l) 



s-l 
s-l 



Xk 



2 k+ 



s-2 



4-3-2 



fc+s-2 fc+s-2 



11 • 2 



fc+s-2 



From (fHUl) . (fTTT]) we get 
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(12.8) 



x(fc+l) | xfe 

r rj _ pL + J = 4 . 11 . 2 fc + s -2 _ 2 k + s - 1 = 21 ■ 2 k+s - 1 



■ s+l 



The case j = 2, k > s + 2 



Proceeding as before, using (|12.8|) with s — > s — 1 



(12.9) 



x(fc+l) 



xfe 



■ s+2 



' s+2 



= 4- 



s-l+l 



xfe 



s+l 



(12.10) 



s-l + l x ( fe + 1 ) s-l+l xk 

^s-1+2 — 1 s-1+2 =4- 



s-l+l — "*-l+l 



= 4 • 21 • 2 fc+s ~ 2 = 21 • 2 H 



From CE2U), (112. 10p we get 



(12.11) 



x(fe+l) s xfe 

r s L + J 2 -TtA = 4 • -21 • 2 fc+s = 21 • 2 fc+s+2 



' s+2 



The case 2 < j < s — 1 , /c > s + j 



By (TilT!?]) we obtain 



r 



x(fe+l) 



x k 



- s+j 



s-1 

(s-l)+l 

s+i-1 



x(fe+l) 



s-1 
(s-l) + l 

8-l+j 



xfe 



if 2 < j < s - 1, 



s-1 
(s-l) + l 

8-l+j 



x(fe+l) 



s-1 
(s-l) + l 

8-l+j 



Xk 



4- 



s-1 
s-1 



x(fe+l) 



s-1 
s-1 



Xfe 



s-1+0-1) A s-l + (j-l) 



if 2 < j < s - 1 + 1 - 1 = s - 1. 



From the above equations we get 



x(fe+l) * xfe 

(12.12) r s L + ^ -r. 



s+j 



s-1 



xfe 



r s-l + 0-l) r s-l + 0'-l) 



if 2 < j < s- 1. 



Using successively (|12.12l) we get 
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x(fc+l) 



- s+j 



s-1 
s-1 



xfc 
s+j 

x(fc+l) 



xk 

s-l+U-l) 



x k 



L «=IJx( fc + 1 )_ [tZl 



if 2 < j < s - 1 



if 2 < j - 1 < s - 1 - 1 



42(1-1) 



8-0-1) 
S-(i-l). 



X(fc + 1) 



xfc 



s-(l-l)+U-(l-l)) 



s-(l-l) 

s -a-i) 
8 -(j-i)+cj-(/-i)) 



4 2/ 



xfc 



x(fc+l) 

r L- [ j - r L - 

1 s -j+Cj-0 s-i+O'-O 



if 2 < j - (/ - 2) < s - (I - 2) - 1 



if 2 < j - (I - 1) < s - (I - 1) - 1 



42O-1) 



s-O'-i) 

s-(j-l)+(j-(j-l)) 



x(fc+l) 



r 



X A: 



*-(3-l) 
s-0-1) 

s-(j-i)+0'-(i-i)) 



if 2 < j - ((j - 1) - 1) < s - ((j - 1) - 1) - 1. 



From the above equations we get, using (|12.8|) with s — » s — j + 1 



(12.13) 



x(fc+l) 



X fc 



420-1) 



s-j+1) 
s-i+1) 
s-j+2 



x(fc+l) 



s-J + 1 

S-J + 1 

s-j+2 



xfc 



if 2<j < s- 1, 



4 2 0'-i) . 21 . 2 fc + s ~-7+ 1-1 = 21 • 2 fe + s+3 -?~ 



The case j = s, fc > 2s 
By (fT!r2"f we obtain 



x(fc+l) 



xfc 



= 4 



s-1 

,L( ;5 - 1 )+ 1 

(s-l)+s 



x(fc+l) 



-r 



s-1 
(s-l) + l 

(s-l)+s 



x k 



s-1 
(s-l) + l 
2s-l 



X(fc+1) 



s-1 
(s-l) + l 
2s-l 



xfc 



-3-2 



2fc+2s-2 



= 4- 



_1 x(fc+l) _ j xfc 

1 2(s-l) 2(s-l) 



_ g , 2 2fc + 2 (s-l) + l-2 



From the above equations we get 
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x(fc+l) 



2s 



■ 2 s 



p l j — r L J — 4 2 • 

1 2(a-l) 1 2(s-l) - 4 



xfc 



xk 



z\ x(fe+i) s ~i xfc 

1 2(s-l) 2(s-l) 



2fc+2s-2 



S=2 x( fe +D a=l 
p L J _ p L 

A 2(s-2) 2(s-2) 



xfc 



9 • 2 



g . 2 2fc+2(s-l)-2 



x(fc+l) a xfc 

p l° J _ p L s 'J _ 4/ 

1 2(s-i) 1 2(«-«) 



^2(s-i-l) -*-2(s-l-l) 



»-(a-2) 
s-(s-2) 
2(a-(a-2j) 



x(fc+l) 



0-0-2) 
<.-(s-2) 
2(0-0-2)) 



xfe 



4 2. 



s-(s-2)-l 
s-(s-2)-l 
20-0-2)-l) 



x(fe+l) 



s-(s-2)-l 
s-(s-2)-l 
2( s -0-2)-l) 



xfc 



g _ 2 2fe + 2 ( s -0- 2 ))- 2 



We deduce from the above equations 



x(fe+l) 



- 2{s-l) 



r 



xfc 



3— i — 1 
3— i — 1 



2(s-i) 
X(fc+1) 



(12.14) ^4 2i 

2=0 
s-2 

= ( 42(i+1) 

Z=0 \ 

s-1 

= £* 

We get from (|12.14[) after some simplications 



1-1-1 
i-I-i 



xfc 



4 2/ 



r 



S-i 

2(s-i) 



20-i-l) 

x(fc+l) 



20-i-l) 



20-0 



xfc 



g _ 2 2 fc + 2 (s-()- 2 . 2 4 ' 
g _ 2 2fe + 2;5 + 2i ~ 4 



1 = 1 



X(fe+1) 



xfc 



2s 



2s 



4 2 0-i) 



X(fc+1) 



xfc 



g _ 2 2 fc + 2 «-4 , 2 2 ' 



1 = 1 



= 4 2 ( S - 1 ) (2 2 ( fc+1 ) - 3 . 2 fe+1 + 2) - (2 2fe - 3 • 2 fe + 2)J - 3 • 2 2fc+2s ~ 2 • (2 2s ~ 2 - 1) 
_ g , 2 2fc + 2s_2 _ 3 . 2 fc + 4s_4 



□ 



Lemma 12.2. We have 
(12.15) 

'ofc+s— 1 

"■-'-i n s+l xfe I 11 • 2 k+s - 1 

21 • 2 fe + s+3 J- 5 

3 . 2 2 fc+ 2 S -i _ 3 . 2 fc+ 4 *- 2 if j = s + i ; fc > 2s + 1. 
Proof. We proceed as in the proof of Lemma 112.11 



s+l 
s+j 



s+l 

S+J 



if j = 0, k > s, 
if j = 1, fc>s + l, 
if 2 < j < s, k> s + j, 
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The case j = 0, k > s 



Applying formula (|12.2|) we obtain using 211) 



g+i x(fc+i) s+1 xfc 
(12.16) T 6 L J -T, L J =4 



The case j = l,A;>s + l 

From (fT2~2"|) we obtain using (fT2~51) 



x(fc+l) * xfc 

r s L _ J i - rH 



■)k-\-s — 1 2^+ s — 1 



(12.17) 



s+l 



x(fc+l) 



s+l 
s+l 



Xk 



x(fc+l) s „ xk 



2 k 



fc+s-1 



4 • (3 • 2 



fc+S— 1\ nfc+S— 1 



11 ■ 2 



fc+s-1 



The case 2 < j < s, k > s + j 



From p2.2p we obtain using (|12.ip with j — > j — 1 (observing that 1 < j — 1 < s — 1) 



(12.18) 



s+l 

s+j 



x(k+l) 



-r 



s+l 

s+J 



xfc 



= 4 



r 



x(fc+l) 



-r 



xfc 
s+i-i 



s+i-i 

4 • (21 • 2 k+s+3 ^^ 1 ^ 4: ) = 21 • 2 k+s+ ^^ 



The case j = s+l 



(12.19) V\ S 1\ 



x(fc+l) 



-^2s+l 



xfc 



= 4- 



x(fc+l) 



X /,' 



2 _ 2 2fc + 2s_1 



4 • [3 • 2 2fc+2s ~ 2 — 3 • 2 fc+4s ~ 4 ] — 3 • 2 2fc + 2s ~ 1 

g _ 2 2 fc+ 2 s-l _ g . 2fc+4s-2 



□ 



Lemma 12.3. We have in the case m > 2 



s+m x (fc+l) s+m 

(12.20) r s L +j J -r 



xfc 



s+i 



'2 fc + s -! ifj = 0,k>s, 

3 . 2 fc+s+2j-3 if 1 < j < to - 1, fc > s + j, 
11 • 2 k+s+2m - 3 ifj = m, k> s + m, 



(12.21) 



r 



s+m 
s+m+j 



X(fc+1) 



s+m 
s+m+j 



xfc 



21 • 2 k+s+2m +^- A ifl<j<s-l, k> s + m + j, 

^3 • 2 2fe+2s+m - 2 - 3 • 2 k+4s+2m - 4 ifj = s, k>2s + to. 

Proof. The case s+j with < j < to, k > s + j 



j = 
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Applying formula (|12.2p we obtain using (|11.2ip , observing that m — 1 > 1 > 
(12.22) 



r s L J -r s L J =4- 



j = i 



■+ (m-1) x(fc+l) s+(m-l) xfe 

1 s-1 1 s-1 



2^+ s ~ i 2^+ s 



Applying formula (|12.2p we obtain using (jll.21jl , observing that m — 2 > 



(12.23) r 



s+m X(ft+1) s+m x ' £ 



8+1 



= 4- 



s+(m-l) x (fc+l) 



s+(m— 1) x ^ 



c^k+s 



= 4- 4- 



s+(m-2) 
p L 
1 s-l 



x(fc+l) 



s+(m-2) 



xfc 



2fc+s— l I 2^+ s— 1 



= 3 • 2 k+s 



2 < j < m - 1 



Assume < / < j — 2, then by (|12.2[) with j — > j — I, m — ► m — /, we have 
(12.24) 



s+(m — /) 

8+j-t 



x(fc + l) 



s+(m — t!) 



xfc 



= 4- 



a+(m-(i+l)) 
s+j-(!+l) 



x(fc+l) 



-r 



s+(m-(M-l)) 
s+j-(1+l) 



xfc 



forJ = 0,l,2,...,i-2. 



From (|12.24p we deduce 



(12.25) 

J-2 



n 

/=o 



s+(m— £) 
s+j-i 



x(fc+l) 



s+(m— Z) 
s+j-i 



Xfc 



3-2 
3-1 



»+(m-(i+l)) 



x(fc+l) 



s+(m-(i+l)) 
»+3-(i+l) 



x fc 



s+(m— /) 
s+j-i 



x(fc+l) 



s+(m— 2) 



x A: 



We then obtain by (|12.25|) . (|12.23|) . observing that m - (j - 1) > 2 



s+m x(fc+l) s+m x ^ r 1 

1 s+3 1 s+j * 



s+(ro-(i-l)) x(fc+l) s+ ( m _y_!)) 



xfc 



8+1 



j = m 
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Assume 2<l<m(<s + m — 1) then by (|12.2p with j — > 1, m —* I, we get 



(12.26) 



+1 x(fc+l) s +[ xk 



s+l 



s+l 



s+H-1) s+a-1) xfe 

s+(i-l) 1 «+(«-!) 



/or Z = 2, 3, . . . , m. 



From (|12.26p we deduce 



(12.27) J] 



1=2 



[s+l 
s+l 



x(fc+l) 



-r 



s+l 

+1 



xk 



Y[4 

1=2 
m—1 



s+H-l) 
a+(l-l) 



x(fc+l) 



s+(l-l) 
s+{l-l) 



xk 



1 = 1 



s + l 
s+l 



x(fc+l) 



s+l 
s+l 



xk 



We then obtain by (|12.27p and (|12.15p with j = 1 



s+m x(k+l) s+m x ' c , 

pL J _pL J _ +m-l 

s+m - 1 ' 



s+m 



s+l x(fc+l) s+1 xfe 



r 



s+l 



22m — 2 ^ _ ^k+s—l ii _ 2^+ s +2m — 3 



The case s+m+j with 1 < j < s — 1 



Assume < I < m — 1, then by (|12.2p with j — » (m — I) + j, m — > m — Z, 
(observing that 2 < m — Z + j < s + (to — Z) — 1) we have 



(12.28) 



+(m-l) x (/c+l) s +(m-i) 



s+(m— i)+j 



x fc 



s+( 



= 4- 



+ (m-(i + l)) x (fe+l) s+(m-(i + l)) xfe 



for I = 0, 1, . . . , to— 1. 



From (|12.28p we deduce 



(12.29) 



n 



+ (m-i) x(fc+l) s +(m-() 



Xfe 



s+(m-i)+j 



' s+(m-l)+j 



m — 1 



1=0 

m 

n 4 



s+(m-(«+l)) 



x(fc+l) 



-r 



s+(m-(i+l)) 
s+(ro— (M-l))+j 



xfc 



s+(m— i) 
s+(m— i)+j 



X(fc+1) 



r 



s+(m— J) 
s+(m— Z) 



We then obtain by (|12.29j) and (fTTT|) 
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s+m x (fc+l) s+m xfe 



s+m+j 



1 s+m+j ~ * 



x(fc+l) 



r 



xfe 



s+j *■ s+j 
_ 2^ . 2^+ s +3j — 4 2^ . 2^"t" s "t"^ m +^i — ^ 



The case s+m+j with j = s 
Assume < I < m - 1, then by (|12.2p with j — ► s + (m - I), 



— Z, we have 



(12.30) 



s+(m— Z) 
2s+(m-f) 



x(fc+l) 



r 



4- 



s+(m-(2 + l)) 
2s+(ro-(M-l)) 



s+(m — Z) 
2s+(m-i) 

x(fe+l) 



x fe 



»+(m-(i+l)) 
2s+(ro-(M-l)) 



xfe 



- 3 • 2 2fc + 2s +( m - ; )- 2 for I = 0, 1, . . . , m - 1. 



From (|12.30|) we deduce 



(12.31) 



m — 1 



E 4 

m — 1 

E 4 

m 

E 4 ' 



s+(m— Z) 
2s+(m-2) 



x(fe+l) 



4- 



s+(m-(Z+l)) 
2s+(m-(Z+l))' 



1=1 



s+(m — Z) 
2s+(m-l) 



x(fc+l) 



s+(m — Z) 
2s+(m-Z) 

x(fc+l) 



s+(m — Z) 
2s+(m-l) 



xfe 



s+(m-(Z+l)) 
2s+(m-(Z+l)) 



xfe 



g _ 2 2fe + 2s +( m_ 0-2 



x k 



E 32 



2fc+2s+m+2-3 



;=i 



We then obtain by (|12.3ip and (|12.1[) after some simplifications 



s+m 
2s+m 



x(fe+l) 



s+m 
2s+m 



xfe 



x(fe+l) 



xfe 



2s 



2s 



22m _ ^ _ 2 2k + 2s ~ 2 — 3 . 2 fc + 4s-4 ) _ (3 . 2 2fc + 2s + 2m ~ 2 _ 3 . 2 2fc + 2;5 + m ~ 2 ) 
2 _ 2 2fe + 2s + m_2 _ 3 . 2 fc + 4s + 2m ~ 4 



□ 



Lemma 12.4. We have in the case m £ {0, 1} 
(12.32) 

r 



s 
s 


x(fe+l) 


s 
s 


_i_ 


-r 





xfe 



s+j 



S+J 



3 • 2 fc+s - 1 
21 • 2 fc + s + 3; ' -4 

g , 2 2 fc+ 2 «-2 _ g . 2fc+4s-4 



if 3 =0, fc > s, 

j/ 1 < j < s — 1, k > s + j, 

if j =s, k> 2s, 
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(12.33) 



s 

s+l 


x(fc+l) 


s 

s+l 




-r 





xk 



In the case m > 2, we get 

(12.34) r 
(12.35) 



s 

s+m 


x(fc+l) 


s 

s+m 




-r 





'2 k+s - 1 if 3=0, k> s, 

11- 2 fc+s " 1 if 3 = 1, k>s + l, 

21 • 2 fc + s + 3 ^ 5 i/ 2 < j < s, k> s + j, 

3 . 2 2fc+2 S -l _ 3 . 2 fc+4s-2 j/j = s + i ) fc > 2s + 1. 



, >+' ifj 0, k • s, 

= \ 3 • 2 fc + s + 2 ^ 3 i/ 1 < j < m - 1, fc > s + j, 
11 • 2 fe + s + 2 " 1 - 3 ifj = m, k> s + m, 



s+m 
s+m+j 



x(fc+l) 



<fc f 21 ■ 2' c_ '" s + 2m + 3 ^ 



«/ 1 < j < s — 1, fc > s + m + j, 



s+m+ 3 | 3 . 2 2fe+2 S+ m-2 _ 3 . 2 fc+4 S +2m-4 if j = Sj k > 2s + m. 

Proof. The assertions follow from Lemmas 112. 1[ 112.21 and 112.31 



□ 



13. COMPUTATION OF r^" 1 ^ 



s+l 



since by (|11.21[) the terms T 



s+j for j€ {0,1}, k>s + j, m>0 

" +Jx(H-l) 

S~T_L WC UCUULG J- s 

[ s + m ] x ( s +l) 



From the equations (jll.ip and (|11.2|) with k = s+l we deduce ri s +mJ v ' and 

,[a+m]x( s + 1 ) 



arc known for i < s — 1 . Then from 



the recurrent formula ()12.34p with j = we compute T l s 
results are obtained in a similar way. 



\xk 



for k > s + 2. The other 



Lemma 13.1. We have in the case m = 

(13.1) r W X " = 2 4s - 2 - 3 • 2 3s ~ 4 + 2 2s ~ 3 , 



(13.2) 



(13.3) 



(13.4) 



X k 



Xk 



s+l 



= 3 • 2 k+s - 1 + 21 • 2 3s ~ 4 - 27 • 2^~ 3 if k > s 



2s-3 



x(s+l) 

T^ + \ =2 4s -3-2 3s - 1 + 2 2s - 1 , 



21 ■ [2 k+s ~ 1 + 2 is - L - 5 • 2 2s - L ] ifk> s + l. 



Proof. We get ([TXT]) from (TTOS)) with k = s, m = 0. 



To prove (113. 2p and (|13.3p we proceed as follows 
Consider the matrix 
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a i 


Q'2 


a 3 






n 2 


a 3 


«4 


■ a s+ i 


a s +2 




a s 


a s+ i . 


■ a> 2s -2 


Q.2.-1 


a s 


a s+ i 


a s+ 2 ■ 


■ &2.-1 


Ct2s 


Pi 


02 


03 


0s 


0S+1 


02 


03 


Pa • 


■ 0.+1 


Ps+2 


0.-1 


0. 


0.+1 ■ 


■ 02.-2 


02.-1 


0s 


0.+1 


0s+2 • 


■ 02.-1 


02s 



We have respectively by pTT|) . ([TO]) . (|11.27|) and (111.28)) with m = 0, k = s+1 



(13.5) 



(13.6) 



(13.7) 



(13.8) 



s+l \s 

i=0 



x(s+l) 



S+l 8 



i=0 



x(s+l) 



->4s 



3s — 1 I <-)2s os — 1 



i=0 



s-l s 

Err 

z=0 



x(s+l) 



• 2~ l = 2' 

x(s+l) 

= 3 • 2 3s - 4 - 2 2s " 3 
and 

2 -i = J . 2 2s-4 _ 3 . 2 s-3_ 



From (|13.5[) , (|13.6[) . (|13.7[) and (|13.8[) we deduce after some calculations 
(13.9) 



x(s+l) 

r,r = 21 • 2 3s ~ 4 - 3 • 2 2s ~ 3 , 



(13.10) 

By (|12.32j) with j = we get 



x(s+l) 



s+l 



(13.11) 

From p3.1ip . (fT3~g|) we deduce 



x(fc+l) % xfe 

r s L ~ J - rj- J = 3 • 2 fc+s - 1 if k > 



^ / S XO + D 8 Xi 

E r " -Ts U ^ 3 -2'- 



J=s+1 



J=s+1 
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fc+1 \ s 



* E r] 

j=s+2 



E rJ 

j=a+l 



[j]x(k+l) [j]x( a +l) 



x(fe+l) 
x(fe+l) 
x(fc+l) 



= 3 • 2 k+s - 3 • 2 2s 



r L-j = 3 . 2 k + s -3-2" 

3 . 2 k+s - 3 • 2 2s + 21 • 2 3s ~ 4 - 3 • 2 2s ™ 3 

3 . 2 k+s + 21 . 2 3s-4 _ 2? . 2 2 s -3 [ {k>s _ 



(13.12) 

By (fT^THjl we see that (|13.12j) holds for k = s, then (|13.12|) holds for k > s 



To prove (|13.4[) we proceed as follows 
Consider the matrix 



Oil 


a-2 


a 3 


■ a s+ i 


Ots+2 


a- 2 


a 3 


«4 


■ Oi s+2 


Us+3 


a s -i 


ot s 


Ots+l ■ 


■ OSs-l 


OL2s 


a s 


a s +i 


a s+ 2 ■ 


Oi2s 


«2s+l 


Pi 


P2 


p3 ■ 


■ Ps+l 


Ps+2 


p2 


p3 


Pi . 


■ Ps+2 


Ps+3 


Ps-l 


Ps 


Ps+l ■ 


■ 02s-l 


P2s 


Ps 


Ps+l 


Ps+2 • 


■ P2s 


P2s+l 



We have respectively by (TTTTj) . ([TTT2j) . (111.27)) and (|11.28p with m = 0, k = s+2, 



(13.13) 



(13.14) 



(13.15) 



(13.16) 



s+2 s 

E r J 

i=0 



x(s+2) 



2 4s+2 



s+2 s 

E^r 

z=0 



x(s+2) 



2~ i 2 3s + 2 2s ~^ 2 2 s 



i=0 



X(s+1) 



Ed 

i=0 



x(s+2) 



= 3 • 2 3s ~ 4 - 2 2s ~ 3 
and 



• 2~ l = 7 • 2 2s ~ 4 - 3 • 2 S ~ 3 . 



From dJl, (flXIi]) . pXT5l) . ^TJJE\i and (gHH^ with k = s+2 we obtain 
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r 



x(s+2) 



s+1 r r 

(13.17) 

_ r>4s+2 



x(s+2) 



s+2 



2 is+z _ (3 . 2 ^ s -4 _ 2 ^-^ _ ( 3 . 2 



21-2 3s ~ -27-2 2s ~ J ), 



x(s+2) * x(s+2) 

1 s+1 z ' 1 s+2 z 

(13.18) 

= 2 3s + 2 2s+2 - 2 s - (7 • 2 2s ~ 4 - 3 • 2 s " 3 ) - (3 • 2 s+2+s ~ 1 + 21 • 2 3s ~ 4 - 27 • 2 2s ~ 3 ) • 2" 



Hence by (|13.17|) . (|13. 18)) we deduce after some calculations 



(13.19) 



x(s+2) 



s+1 



21 • (2 3 *- 1 - 2 2s - L ), 



(13.20) 



x(s+2) 



■ s+2 



_ 24s+2 _ 3 _ 23s+2 , 22s+3 



By (|12.32j) . with j = 1, we get 



(13.21) 

From (HUH), (|13.2ip we deduce 



x(fc+l) jj xfc 

r s Vi -rM =2i-2 fc + s - 1 if k>s + i. 



(13.22) 



/ / I ^5+1 - r s+l 

J=s+2 



fe+1 



^ E r *+i - E r s+ i 

i=s+3 i=s + 2 



xj 



^ 21-2 J ' +S - 1 

J=s+2 

= 21 • 2 fe+s - 21 • 2 2s+1 



Mx(fc+1) Mx(s+2) 

<=> rlA - rL\ = 21 • 2 k+s - 21 ■ 2 2s+1 



s+1 



<s> r 



x(fc+l) 



s+1 



= 21 • 2 k+s - 21 • 2 2s+1 + 21 • (2 3s_1 - 2 2s_1 ) 



x(fe+l) 



s+1 



= 21[2 



k-\-s _i_ q3s — 1 



-5-2 2 



if k > s + 1. 



By (|13.19j) we see that (|13.22|) holds for k = s+1, then (|13.22|) holds for fc > s + 1. 



Lemma 13.2. In i/ie case m = 1, we have 

s 

s+1 



(13.23) 



4s-l o o3s-4 , o2s-3 



3 • 2 3s " 4 + 2 l 



□ 
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(13.24) 



(13.25) 



(13.26) 



xfc 



= 2 k+s - 1 + 21 • 2 3s ~ 4 - 11 • 2 2s ~ 3 ifk>s, 



X(s+1) 

pL-^J =2 4 S+ 1_ 3 . 2 3 S -1 + 2 2 S -1 ; 



s+1 
s+1 



Xfc 



11 • 2 



fc+s-1 



21 • 2 



3s-l 



53 • 2 



2s-l 



i/ fc > s + 1. 



Proof. We proceed as in the proof of Lemma 113.11 

Proof of 



Follows from (|11.26p with m = 1, k = s. 

Proof of (fmii.ifma 

Consider the matrix 



a i 


Qo 


a 3 


a s 


a s +i 


a>2 




«4 


■ a s+ i 


a s +2 




a s 


a s +i . 


■ OL 2s -2 


«2s-l 


a s 


a s+ i 


a s +2 ■ 


■ Ot 2s -l 


&2s 


Pi 


$2 


Ps ■ 


■ Ps 


Ps+l 


02 


Ps 


Pa • 


■ Ps+l 


Ps+2 


Ps-1 


Ps 


Ps+l ■ 


■ P2s-2 


02,-1 


Ps 


Ps+l 


Ps+2 • 


■ p2 S -l 


P2s 


Ps+l 


Ps+2 


Ps+3 ■ 


■ P2s 


P2s+1 



We have respectively by (pTTT]) . ([TO)) , (111.27)) and (|11.28j) with m = 1, k = s+1 



(13.27) 



(13.28) 



(13.29) 



(13.30) 



s+1 s 
s+1 



E r 

i=0 



t=0 
[s+1 



x(s+l) 



= 2 4s +\ 



x(s+l) 



. 2~ l = 2 3s + 2 2s - 2 s " 1 , 



s-l s 
s+1 



E r 

i=0 



Er 

j=0 
[s+1 



x(s+l) 



2 2 3s ~ 4 2 2s— 3 

and 



x(s+l) 



• 2~ 4 = 7 • 2 



2s-4 



3 ■ 2 



s-3 



From (|13.27j) . (|13.28|) . (|13.29p and (|13.30j) we deduce after some calculations 
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(13.31) 



8+1 x ( s +!) 
r L J = 21 . 2 3s ~ 4 - 3 ■ 2 2s " 3 , 



(13.32) , s+1 
By (|12.33|) with j = we get 



s li x(s+i) 

r L J = 2 4s +! - 3 . 2 38 - 1 + 2 2fl_1 . 



(13.33) 

From (|13.33p . (|13.3ip we deduce 



.7=8+1 \ 
fe+1 

* E r 

j=s+2 



+ 1 x(fc+l) s+1 xfc 

r, L J - r s L J = 2 k+s - 1 if k > s. 



(13.34) 



s 

s+1 


x(j + l) 


s 

s+1 




-r 





s+l 



j=s+l 



j2 y+s- 1 

j=3+l 
rtk+S c\2s 



[s+l x(fe+l) [s+l 

o r s L J - r s L 



x(s+l) 



s+l 



X(fe+1) 



X(fc+1) 



= 2 k+s - 2 2s + 21 • 2 3i ~ 4 - 3 • 2 2s_3 



-)k-\-s r%2s 



21 ■ 2 



3s-4 



11-2 



2s-3 



if k > s. 



By (|13.31|) we see that (|13.34|) holds for k = s, then (j!3.34j) holds for k > s. 

Proof of (TJl^ll) 
Consider the matrix 



O-l 


a 2 


a 3 


■ a s +i 


Us+2 


Oil 


a 3 


a 4 


■ Oi s +2 


a s +3 


a s -i 


Ots 


Ots+l ■ 


■ «2s-l 


"2s 


ot s 




a s +2 ■ 


OL2s 


Q!2s+1 


Pi 


P2 


P 3 ■ 


■ Ps+1 


Ps+2 


P2 


P 3 


Pi • 


■ Ps+2 


Ps+3 


Ps-1 


Ps 


Ps+1 ■ 


■ 02.-1 


P2s 


Ps 


Ps+1 


Ps+2 • 


■ 02s 


P2s+1 


Ps+1 


Ps+2 


Ps+3 • 


■ P2s+1 


P2s+2 



We have respectively by ijlTIjl , (fTl~2"|) . (|11.27p and (|11.28p with m = 1 and k = s+2 



(13.35) 



s+2 
i=0 



[s+l 



x(s+2) 



24s+3 
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(13.36) 



s+2 
i=0 



s+l 



x(s+2) 



2~ i 2^s+l _|_ ^2s+2 2 s 



(13.37) 



(13.38) 



<=0 



s-1 s 
i=0 



[s+l 



x(s+2) 



x(s+2) 

2 2 35— ^ 2 2s— 3 

and 

2~* = 7 • 2 2s_4 - 3 • 2 s-3 . 



From (fT3~35f . l[I53B]i . (fllHTj) . (ggHH) and (fT3~24) with k = s+2 we obtain 



s+lj x(s+2) s+1 x(s+2) 

x s+l + ^s+2 

(13.39) 

= 2 4s+3 - (3 • 2 3s ~ 4 - 2 2s - 3 ) - (2 s+2+s - 1 + 21 • 2 3s - 4 - 11 • 2 2s - 3 ) 



f l +i J . 2 _ (s+1)+r L +2 j , 2 -(s+ 2 ) 

(13.40) 

= 2 3s+1 + 2 2s+2 - 2 s - (7 • 2 2s " 4 - 3 • 2 S ~ 3 ) - (2 s+2+s - 1 + 21 • 2 3s " 4 - 11 • 2 2s ~ 3 ) • 2~ s . 



Hence by ()13.39p . (113.40(1 we deduce after some calculations 



(13.41) 



s+l x(«+2) 

r} +1 J = 21-2 3s " 1 - 9-2 2s -\ 



(13.42) 



s+l 

s+2 



x(s+2) 



24s+3 _ g , 23s+2 , 2 2s+2 



By (|12.33|) with j = 1 we get 



(13.43) , s+ 

From (|13.43p . (|13.4ip we deduce 



+ 1 x(fe+l) 4! xfc 

r s L +1 J -r s L +1 J =n. 2 fe+s - 1 if k> s + i. 



s+l 
s+l 



x(j+l) 



s+l 
s+l 



XJ 



■j=s+2 



XJ 



k+1 [ +1 

i=s+3 j=s+2 



E r 



[s+l 



XJ 



i=s+2 

= 11 . 2 fc+s - 11 • 2 2s+1 



Lfi x(fc+i) L+i|x(s+2) 
«. r]£ J - J = ii • 2 fe+s - ii • 2 2s+1 
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x(fe+l) 

& r L +i J = n . 2 k+s - 11 • 2 2s+1 + 21 • 2 38 - 1 - 9 • 2 2s ~ 1 



(13.44) ri;! 1 



x(fc+i) 



= 11 • 2 fc+s + 21 • 2 3s " 1 - 53 • 2 23 " 1 if k > s + 1. 



By (|13.41j) we see that (|13.44|t holds for k = s+1, then (|13.44|) holds for k > s + 1. 



□ 



Lemma 13.3. In £/ie case to > 2, we Ziaue 



(13.45) 



s+m 



t^is-\-in—2 q _ q3s— 4 _j_ 92s — 3 



-3-2 



(13.46) 



fir J ^ 2 fc+s-l + 21 . 2 3s-4 _ 1;L . 2 2 s -3 t f k>s ^ 



(13.47) 



.s+m *(s+l) 
s+1 



^is+m ^ 2 3s ^ -+ 2 2s ~ ^ 



(13.48) 



T S L +1 J = 3 • 2 k+s - 1 + 21 • [2 3 *- 1 - 2 28 - 1 ] i/ jfe > s + 1, 



(13.49) 



s+m x ( s + 2 ) 
s+2 



_ 24s+m+2 _ g _ 2 3s + 2 + 2 2s + 2 



Proof. We proceed as in the proof of Lemma 113.21 
Proof of (fl3~431) 



Follows from (|11.26p with m > 2, k = s. 

Proof of (fTgTTTl) 

Consider the matrix 



O'l 


a 2 


a 3 


a s 


a s +i 


a 2 








a s+ 2 


a s -i 




a s +i 


OL2s-2 


0t2s-X 




"s+1 


OL s +2 


0L2s-\ 


0L2s 






03 


0s 


Ps+1 


02 


03 


04 


■ 0s+l 


0s+2 


P.-X 


0s 


0S+1 ■ 


■ 02S-2 


02S-1 


0s 


0s+l 


Ps+2 ■ 


■ 02.-1 


02s 


0s+m 


0s+m+l 


0s+m+2 


02s+m-l 


02s+m 



We have respectively by ([TO]) . (fTl~2"|) , (|11.27|) and (|11.28j) with to > 2, k = s+1 
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(13.50) 



s+l s 



s+m 



x(s+l) 



= 2 



4s +m 



(13.51) 



Es+m 
n ■ 

i=0 



x(s+l) 



-i 23s+'m — 1 _|_ 2 s ^ 



(13.52) 



(13.53) 



s-l | e 

s+m 



X(s+1) 



2 2 3s ~ 4 22s— 3 



and 



s-l I s 

s+m 



i=0 



x(s+l) 



7 . 2 2s ~ 4 - 3 • 2 s-3 . 



From (|13.50p . (|13.51|) , (|13.52|) and (|13.53p we deduce after some calculations 
(13.54) 



s+m x(s+l) 

rj- J = 21 • 2 3s ~ 4 - 3 • 2 2s " 3 , 



(13.55) , s+1 
By (|12.34|) with j = 0, m > 2 we get 



s+m x(s+l) 
p L J 2^s+m ^ 2 + 2 



s 

s+m 


x(fe+l) 


s 

s-\-m 


x 




-r. 







(13.56) r 

From (|13.56p . (|13.54p we deduce 



2 k+s - 1 if fc > s. 



(13.57) 



X—, , s+m x(i+l) xj\ * 

j=s+l \ J j=s+l 



Es+m 

J=s+2 



XJ 



E r 

J=s+1 



s+m 



XJ 



2 fe+s _ 2 



2.s 



| S +m]x(Hl) [s+m] X (s+l) 



r s L J - r 

x(fc+l) 



<^ r 
& r 



s+m 



s+m 



= 2 fc+s - 2 2s + 21 • 2 3s ~ 4 -3-2 



2^+s 2^ s 



3s-4 o o2s-3 



x(fe+l) 



-yk + S 



21 • 2 3s - 4 - 11 • 2 2s " 3 iffc>s. 



By (|13.54p we see that (|13.57[) holds for k = s, then (|13.57j) holds for k > s. 

Proof of (1HT48)) .(11X4911 

Consider the matrix 
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(>2 


a 3 


a s +i 


a s +2 


Q 2 


a 3 


«4 


a s +2 


Us+3 


Q>s-l 


a s 


a s +i 


■ «2s-l 


OL2s 


a s 


a-s+i 


a s +2 


OL2s 


"2s+l 


(h 


02 


03 


■ 0s+l 


0s+2 


02 


03 


04 


■ 0s+2 


0s+3 


P.-1 


0s 


0s+l ■ 


■ 02S-1 


02s 


0s 


0s+l 


0s+2 ■ 


■ 02s 


02s+l 


0s+l 


0s+2 


0s+3 ■ 


02s+l 


02s+2 


0s-\-m 


0s+m+l 


0s+m+2 


02s+m 


02s+m+ 



We have respectively by (fTl~T|l . (fTl~2|) . ([II. 27ft and (|11.28|) with to > 2, k = s+2 



(13.58) 



s+2 s 
i=0 



x(s+2) 



o4s+m+2 



(13.59) 



.[■ 



s+2 
i=0 



x(s+2) 



2— i 2^s+m _j_ 2^s+2 2 s 



(13.60) 



(13.61) 



s-1 s 

E r r m 

i=0 



x(s+2) 



Es+m 
r} ■ 



x(s+2) 



and 



2 -i = 7 , 2 2^-4 _ g . 2 s-3 



From (TT535)) . (HXSU), (HMD]), (filTFTj) and ([1X36) with k = s+2 we obtain 



r 



s+m 
s+1 



x(s+2) 



r 



s+m 
s+2 



x(s+2) 



(13.62) 

= 2 4s+m + 2 - (3 • 2 3s ~ 4 - 2 2s ~ 3 ) - (2 s+2+s - 1 + 21 • 2 3s ~ 4 - 11 ■ 2 2s ~ 3 ), 



r 



s+m 
s + 1 

(13.63) 



x(s+2) 



2 -(s+i) + r 



s+m 
s+2 



x(s+2) 



2 -(s+2) 



2 3s+m + 2 2s+2 _ 2 s - (7 • 2 2s_4 - 3 • 2 S ~ 3 ) - (2 s+2+s - 1 + 21 • 2 3s ~ 4 - 11 • 2 2s ~ 3 ) • T 



Hence by (|13.62p . (|13.63[) we deduce after some calculations 
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(13.64) 



s+m X0+2) 

r s L +1 J = 21 •2 3 "- 1 - 9-2 23 - 1 , 



(13.65) 



s+m x(s+2) 

Y l J _ 2 4s + m + 2 _ 3 . 2 3s + 2 -|- 2 2s + 2 



By (|12.34|) with j = 1, m > 2 we get 



(13.66) 



s+m 

r -+i 



x(fc+l) 



s+m 



-r s L +i 



x/c 



= 3-2 



fe+s-l 



if k>s+l. 



From (|13.66j) . (|13.64|) we deduce 



(13.67) 



^ | s+m X(J'+1) s+m XJ'\ * ., , 

]=s+2 \ J j=s+2 

fc+i r « 

Es+m 

i=s+3 



E 

j=s+2 

L+m U(fe+1) L+m x(s+2) 



= 3 • 2 k+s - 3 • 2 2s+1 



r s L +1 J = 3 • 2 fc+s -3-2* 



s+m 



s+m 



x(fc+l) 
x(fe+l) 



3 . 2 k+s - 3 ■ 2 2s+1 + 21 • 2 3s_1 - 9 • 2 2s_1 

3 • 2 k+s + 21 • 2 38 - 1 - 21 • 2 28 " 1 if k > s + 1. 



By (|13.64j) we see that (|13.67j) holds for k = s+1, then l|13.67j) holds for k > s + 1. 



14. COMPUTATION OF r^+" 



xfc 



/or je{2,3}, k > s + j, j <m 



a 



In this section we show the following reduction formulas to be needed in the induction 
proof in the next section 



s+m 
s+2 



x k 



s+(m-l) x(fe-l) 



if k > s + 2, m > 2, 



s+m 
s+3 



s+(m-2) x(fc-2) 

•rj+i 



if jfc > s + 3, m > 3. 



We recall that the right hand sides in the above equations have already been computed 
in section [T3] 
In fact we have 
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"+1 



x(k-U-l)) 



= < 



f 2 4s+1 - 3 • 2 31 '- 1 + 2 2s - 1 
11 . 2 fe + s " 2 + 21 • 2 3s - x - 53 

3 • 2 fe+s ~ 2 + 21 • [2 3s ~ a - 2 2s ~ 
2 4 S +1 _ 3 . 2 3«-i + 23.-1 

11 • 2 fe + s - 3 + 21 • 2 35 " 1 - 53 

24s+m — 2 g . 2^ s — ^ -+- 2^ S— ^ 

3 . 2 fc+s-3 + 2i . [2 3 *- 1 _ 2 2s " 



->2s-l 



if j = 2, k = s + 2, to = 2, 

if j — 2, k > s + 2, to = 2, 

if 3 = 2, k = s + 2, m > 2, 

if 3 = 2, k> s + 2, m > 2, 

if j = 3, = s + 3, m = 3, 

if j = 3, > s + 3, to = 3, 

if j = 3, k = s + 3, m > 3, 

if j = 3, k > s + 3, to > 3. 



Lemma 14.1. We have 



(14.1) 



s+m 
s+2 



x(s+2) 



s+(m— 1) 
s+1 



x(s+l) 



2 4s+ m +2 _ 3 . 2 3s+2 + 2 2s+2 if m>2, 



(14.2) 



s+m 
s+2 



xfe 



= 8 • r 



s+(m-l) 
s+1 



x(fc-l) 



= 3 • 2 fe+s+1 + 21 • 2 3s+2 - 21 • 2 2s+2 if k> s + 2, m > 3, 



(14.3) 



s+2 
+2 



xfc 



s+1 

s+1 



x(fc-l) 



11 ■ 2 k+s+1 + 21 • 2 3s+2 - 53 • 2 2s+2 if k> s + 2. 



Proof. Proof of (fl4~T|) 



By dHUlI) , (U3H71) and $37%% we get 



s + m x(s+2) 

r} +2 J = 2 4s+m+2 _ 3 . 2 3s+2 + 2 2s+2 if m > 2; 



8-r 



s+(m-l) 
s+1 



x(s+l) 



8 • [2 4s +(" 1 - 1 ) - 3 • 2 3 "- 1 + 2 2s ~ 1 ] 

2 4s+m+2 _ 3 . 2 3s+2 + 2 2s+2 jf m > 2 



Proof of flTg~2| 



Consider the matrix 
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0i\ 


°2 


as 


«s+2 


®s+3 


a 2 






a s +3 


O-s+i 


a.s-i 


a s 


a s+ i 


0i2s 


«2s+l 


a s 




«s+2 


«2s+l 


«2s+2 


a 
Pi 


a 
p2 


a 
P3 


a 

Ps+2 


a 

Ps+3 


p2 


PS 


ft. 
Pi 


ft „ 
Ps+3 


ft 

Ps+4 


P.-1 


0s 


0s+l ■ 


02s 


02s+l 


Ps 


0s+l 


0s+2 • 


02s+l 


02s+2 


0s+l 


0s+2 


0s+3 • 


02s+2 


02s+3 



\ 0s+m 0s+m+l 0s+m+2 ■ ■ ■ 02s+m+l 02s+m+2 / 

We have respectively by fTTTT]) . (fTT^|) . (|11.27|) and (|11.28j) with m > 2, k = s+3 



(14.4) 



s+3 

E r . 



s+m 



x(s+3) 



■>4s+m+4 



(14.5) 



(14.6) 



(14.7) 



s+3 

E^ 

i=0 



+m 



x(s+3) 



s-1 



Er 

r * ' 

s+m 



[ s 

s+m 



x(s+3) 



)3s+m+l 



+ 2 2s+4 - 2 



s+l 



x(s+3) 



^ 2 3s ~ 4 2 2s— 3 

and 



■ 2~ 4 = 7- 2 2s_4 - 3 • 2 s-3 . 



From pO|| , P13p , POP . piTfp . P3.46P and (|13.48|) with k = s+3 we obtain 
(14.8) 



s+m 
s+2 



x(s+3) 



s+m 
s+3 



x(s+3) 



2 4s+m+4 , 2 3s— ^ 2 2s ~ 3 ) ^ 2 s +3+s— i _|_ 22 2 3s 4 11 ■ 2 2s ~ 3 ) 

(3 • 2 s+3+s - 1 + 21 • 2 3s ~ 1 - 21 • 2 2s_1 ), 



(14.9) 



s+m X (s+3) s+m 
J g-(s+2) +fL 

s+2 z + 1 s+3 

3s+m+l i o2s+4 ns+1 In n2s-4 



x(s+3) 



2 -(«+3) 

2"3s-t-m-t-i _|_ 2^ s +4 2 s "*"" 1 " (7 ■ 2^ s— 4 3 • 2 S— ^) 

( 2 s+3+s-i + 21 . 2 3s-4 _ n . 2 2s - 3 ) • 2" (s+1) - (3 • 2 s+3+s ~ 1 + 21 • 2 3s ~ 1 - 21 • 2 28 " 1 ) • 2" (s+2) . 



Hence by (|14.8p . (|14.9p we deduce after some calculations 
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(14.10) 



s+m x(s+3) 
s+2 



= 21-2 



3s+2 



9 • 2 1 



(14.11) . s+3 
By (|12.34|) with j = 2, to > 3 we get 



_f m x(s+3) 

pL + J _ 2 is + m + 4 _ 3 . 2 3s + 5 + 2 2s+5 



(14.12) 



s+m s+m x & 



s+2 



r 



s + 2 



3-2 



fc+s+l 



if k> s + 2. 



From (|14.12| . (|14.10p we deduce 



E 

j=s+3 



+m x(j+l) s+m XJ 



s+2 



= E 3 - 2J+ 

;/=s+3 



s+1 



fe+i r s 

s+rn 

= > r s L +2 • 



E r] 

j=s+4 



xj 



= 3 • 2 fc+s+2 -3-2 



2s+4 



(14.13) 



s+m 
s+2 



s+m 
+2 



s+m 
s+2 



X(fc+1) 
X(fe+1) 
x(fc+l) 



k \ s 

sr v i s+m 

/ / X s+2 

j=s+3 

s+ S m U(s+3) 

p L J = 3 • 2 fc + s + 2 — 3 . 2 + 



2 , 2 fc + s + 2 _ 3 . 2 2s + 4 + 21 • 2 3s+2 — 9 • 2 2s+2 

3 . 2 fe+s+2 + 21 . 2 3s+2 _ 21 , 2 2s+2 if fc > s + 3. 



By (|14.10|) we see that (j!4.13|) holds for k = s+3, then (|14.13|) holds for fc > s + 3. 
From (|13.48j) with to -» to-1. fc— >-fc-l, to > 3, fc-1 > .s+1 and (|14.13|) we get 



(14.14) 



8-T 



s+(m-l) X(fc-l) 



8 ■ [3 ■ 2 fc+s - 2 + 21 ■ (2 



3s-l 2s-l 



)]• 



(14.15) 



s+m 
s+2 



Xfe 



= 3 • 2 k+s+1 + 21 • 2 3s+2 - 21 • 2 2s+2 . 



By (|14.14p . (|14.15p we obtain for to > 3, k > s + 3 



s+m 
s+2 



xfe 



s+(m-l) 
s+1 



x(fe-l) 



Proof of pXB")) 



By (|12.34|) with j = 2, m = 2we get 



(14.16) 



s+2 
s+2 



x(fe+l) 



-r 



s+2 
s+2 



Xfe 



= 11-2 



fe+s+l 



if k> s + 2. 



From (|14.16j) . (|14.10j) we deduce 
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(14.17) 



E 

j=s+3 \ 

E r l 2 ■ 

j=s+4 



s+2 xO'+l) s+2 xj 

-r 



XJ 



' s+2 



v A s+2 

/ , 1 s+2 

j=s+3 



= H-2' ? ' +s+1 

j=s+3 



= 11-2 



k+s+2 



-11-2 



2s+4 



[4 2 ]x(fe+i) [ 



s+2 



s+2 
s+2 



s+2 
+2 



x(fc+l) 
x(fc+l) 



. i 2 I x(s+3) 
pL^+ 2 J = n . 2 k+s+2 _ u . 2 2 8 +4 



11 • 2 fc+s + 2 - 11 ■ 2 2s+4 + 21 • 2 3s+2 - 9 • 2 2s+2 

n . 2 fc+s+2 + 21 . 2 3s+2 _ 5 g . 2 2s+2 if fc > s + 3. 



By (|14.10p we see that (|14.17|) holds for k = s+3, then (|14.17|) holds for k > s + 3. 
From (I13.26[) ( with fc -» A; - 1, fc - 1 > s + 1 ) and (|14.17|) we have 



s+2 

■ s+2 



xfe 



= 11 • 2 k+s+1 + 21 • 2 3s+2 - 53 • 2 2s+2 if k > s + 3 



s+l 

8 • r s L +1 ■ 



x(fc-l) 



8 • [11 ■ 2 



fc+s-2 



21 • 2 ds " 1 - 53 ■ 2 2S - L ] if k - 1 > s + 1. 



□ 



Lemma 14.2. FFe have 

(14.18) 

x(s+3) 



s+m 
s+3 



8 2 r 



s+(m-2) 
s+l 



x(s+l) 



2r 4s+m-2 



[2- 



3 . 2 3s-l +2 2s-l] 



?/ m > 3, 



(14.19) 



s+m 
s+3 



xfe 



8 2 -r 



s+(m-2) 
s+l 



x(fe-2) 



8 2j 3 . 2 fe+s-3 + 21 . 2 3s-i_ 21 . 2 2s-i] ifk>S + 3, m>4, 



(14.20) 



s+3 
s+3 



xfe 



= 8 2 -r 



s+l 
s+l 



x(fe-2) 



= 8 2 [11 • 2 k+s - 3 + 21 • 2 33 - 1 - 53 • 2 2s ^] if k > s + 3. 



Proof. Proof of (|14.18|) 

By (fiXTTj) . (flT47)) and (fT3~23|) we get 



s+m 
s+3 



x(s+3) 



■)4s+m+4 o o3s+5 , r>2s+5 



3 . 2 6s +° + 2 zs+0 if m > 3, 
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s+(m-2) 
s+1 



x(s+l) 



= 2 4s+m - 2 - 3 • 2 38 - 1 + 2 23 - 1 if m - 2 > 1. 



Proof of (gUH) 
Consider the matrix 





1 ai 


0'2 
«3 


a 3 


«s+3 
Ols+4 


a s +4 \ 




a s _i 
a s 

fa 


a s +i 

H2 

ft 


«s+l 
Ots+2 


«2s+l 
«2s+2 
Ps+3 
p"s+4 


«2s+2 
a2s+3 
Hs+4 
Ps+5 




Ps-l 

Ps 
Ps+1 


R 
Ps 

0S+1 

Ps+2 


Ps+1 

ft+2 • 
Ps+3 ■ 


P2s+1 
02S+2 
02S+3 


@2s+2 
02S+3 
/?2s+4 




\ Ps+m 


Ps+rn+1 


Ps+m+2 


P2s+m+2 


P2s+m+3 ) 


We have for m 


> 3, k = 


S+4 








s+4 \ a 

(i4.2i) £rj - 

i=0 


x(s+4) 






by D11.1D, 



s+4 



(14.22) J2 T 



[s+rr 



x(s+4) 



2 -i = 2 3 S +m+2 + 2 2s+6 _ 2 s+2 by (JJT^J) , 



i=0 



s-1 I s 

s+m 



i=0 



(14.23) 

i- 

.[■ 



x(s+4) 



3s— 4 r>2s — 3 



3 • 2 JM - 2 



s-1 | s 

S+771 



(14.24) 



x(s+4) 



• 2~ 4 = 7 • 2 2s ~ 4 - 3 • 2 S ~ 3 



by pT27|), 



by (fTL28l), 



i=0 



(14.25) 



(14.26) 



(14.27) 



s+m 



x(s+4) 



+m x(*+ 4 ) 
s+1 



s+m 
s+2 



x(s+4) 



= 21 • 2 3s ~ 4 + 53 • 2 2s " 3 by ([1X461) with k = s+4, 
= 21 • 2 3 *- 1 + 27 • 2 2 "- 1 by (fTXiSD with k = s+4, 
= 21 • 2 3s+2 + 3 • 2 2s+2 by (fT4T2l with k = s+4. 
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From (|14.2ip . . . . , (114.27j) we get 



(14.28) 



s+m 
+3 

s+4 



x(s+4) 



s+m 
+4 



x(s+4) 



x(s+4) ^ | s+ s m 



x(s+4) 



s+m 



x(s+4) 



s+m 



-r s L +1 



x(s+4) 



s+m 
s+2 



x(s+4) 



2 4s+m+6 _ (3 . 2 3s-4 _ 2 2s-3 + 2 \ . 2 3s - 4 + 53 . 2 2s ~ 3 + 21 • 2 3s ~ 1 + 27 • 2 2s ~ 1 + 21 • 2 3s+2 + 3 • 2 2s+2 ), 



(14.29) 



s+m 
s+3 



x(s+4) 



s+m 



x(s+4) 



s-1 | s 

s+m 



I s+m x(s+4) L + ,,„ 

: ^r.L J -2-*-^rJ- J -2- 4 -r. 

i=0 t=0 
[s+Vn] x(s+4) 

2J s+m+2 + 2 2s+6 _ 2 s+2 _ (7 . 2 2s-4 3 . 2 s-3 + ^ . 2 3s-4 + 53 . 2 2s-3) . g- 

(21 • 2 3 *- 1 + 27 ■ 2 25 " 1 ) • 2" (s+1) + (21 • 2 3s+2 + 3 • 2 2s+2 ) • 2~ (s+2) ) 

23s+m+2 _|_ g t 2^s+2 g _ 2 s +2 



. 2-( s + 4 ) 

x(s+4) 



x(s+4) 



• 2~ s -r 



s+m 
s+1 



x(s+4) 



■ 2 



-0+1) 



. )-(s+2) 
s+2 z 

->3s+m+2 i <->2s+6 os+2 



Hence by (|14.28[) . (114. 29[) we deduce after some calculations 



(14.30) 



s+m x(s+4) 
r l +3 J = 21 . 2 3s+5 _ g . 2 2s+5 



if m > 3, 



,+m x(s+4) 

p L s+m J _ 2 4s+m+6 _ 3 _ 2 3s+8 _|_ 2 2s+8 



s+4 



(14.31) 

By (|12.34|) with j = 3, m > 4 we get 



if m > 3. 



(14-32) 

From (|14.32p . (|14.30p we deduce 



s+m x (fc+l) s+m xfc . | i q 

rL., J - rL, J = 3 • 2 fc+s+3 if k > s + 3. 



Ei s+m 
r}+3 
i=s+4 y 

^ r [ s + m 

^ 2^ X s+3 

j=s+5 



x(j+l) 



s+m 
s+3 



XJ 



.7=8+4 



s+3 



k r . ' 

\- r L s + m 

/ / 1 s+3 



3-2 



fc+s+4 _ 3 i 2 2s+7 



J=s+4 



[s+ S m]x(fe+l) [s+m\ x(*+4) 

s+3 — ^s+3 



3 . 2 fc+s+4 _ 3 . 2 2s+7 



s+m 
s+3 



x(fc+l) 



^ 2^~^ s +4 3 . <2^ s +7 _|_ 2^ 2^ s + 1 ^ q . 2^ s ~^^ 
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(14.33) 



<^>r 



s+3 



= 3 • 2 k+s+i + 21 • 2 3s+5 - 21 • 2 2s+5 if k > s + 4. 



By (|14.30p we see that (|14.33[) holds for k = s+3, then (|14.33|) holds for fc > s + 3. 
From (|13.48p with m — > to-2. k —>■ k-2, m > 4, fc-2 > s+1 and (|14.33p we get 



(14.34) 



s+(ro-2) x(fc-2) 

8 2 -r} +1 J =8 2 -[3-2 fc+s - 3 + 21-(2 3s - 1 -2 2s - 1 )], 



(14.35) 



s+m 
s+3 



= 3-2 



fc+s+3 



21 • 2 3i+5 -21-2 



2s+5 



By (|14.34j) . (|14.35p we obtain for m > 4, fc > s + 4 



s+m 
s+3 



x A; 



s+(rn-2) *(fc-2) 



s+1 



Proof of pA20ll 



We have 



(14.36) r}*3 3 J X(S+4) = 21 ■ 2 3s+5 - 9 • 2 2s+5 by (TODJ with m = 3 



(14.37) 



s+3 
s+3 



x(fc+l) 



s+3 
s+3 



xk 



= \\-T 



fe+s+3 



by (|12.34p with j = m = 3, k > s + 3. 



From (|14.36p . (|14.37|) we deduce 



(14.38) 



j=s+4 y 

fe+i r s 

J = s+5 



+3 x(j+l) s+3 Xj 

-r] 



s+4 



11.2J'+ S + 3 

j=s+4 



_ v r [ s + 3 

/ j 1 s+3 

j=s+4 

[a+ 3 ]x(fc+l) [s+ 3 ] x ( s + 4 ) 



11 ■ 2 



fc+s+4 



11 • 2 2s+7 



s+3 



s+3 
s+3 



s+3 
s+3 



x(++l) 
x(fc+l) 



r^ +3 J = ii . 2 fc+s + 4 - li • 2 2s+7 



11 • 2 k+s+i - 11 • 2 2s+7 + 21 • 2 3s+5 - 9 • 2 2s+5 
11 • 2 k+s+4 + 21 • 2 3s+5 - 53 • 2 2s+5 if k > s + 4. 



By (|14.36p we see that (|14.38p holds for k = s+3, then (|14.38p holds for k > s + 3. 
From (|13.26p ( with -» k - 2, fc - 2 > s + 1 ) and (|14.38p we have 



EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVER1B3 



s+3 
s+3 



xfc 



n . 2 fc+ s +3 + 21 . 2 3s + 5 _ 53 . 2 2s+5 if k > s + 4, 



s+l 



x(fc-2) 



= 8 2 • [11 • 2 k+s - 3 + 21 • 2 35 - 1 - 53 • 2 25 - 1 ] if k - 2 > s + 1. 



15. A REDUCTION FORMULA FOR F" 



xfe 



s+j 



in the case 



1 < j < m, k > s + j 
In this section we prove by induction on j the following reduction formula 



s+m 
s+j 



x k 



8 i-i . r 



s+l 



if 1 < j < m, fe > s + j. 



□ 



Recall that the right hand side in the above equation has been computed in section 1131 
In fact we have 



s+(m-(i-i)) xffe-Cj- 1 )) 



s+l 



' 3 . 2 k-j+s + 21 . j 2 3s-l _ 2 2s-lj if 1 < j < m - 1, fc > S+J, 

2 4s+(m-0-l)) _ 3 . 2 3s-l + 2 2s-l j f \ < j < k = S+j, 

11 • 2 k - m+s + 21 • 2 3 "- 1 - 53 • 2 23 - 1 if j = m, k > s + m. 



Lemma 15.1. We have 



(15.1) 



s+m 
s+l 



x(s+l) 



s+(rn-(2-l)) 
s+l 



x(s+l) 



if 1 < I < m, 



(15.2) 

r 



s+(m-(i-l)) 
s+l 



x(s+l) 



2 4 S +(m-(i-l)) _ 3 . 2 3a-l + 2 2s-l if 1 < I < m, 



(15.3) r 



x k 



s+l 



= 8 t_1 r 



_j s+(rn-(i-l)) X(fc-C-I)) 



s+l 



if^<l<m, k > s + l, 



(15.4) 



s+(m-(i-l)) 
s+l 



x(k-{l-l)) 



= 3 • 2 k ~ l+s + 21 • [2 3s ^ - 2 2s ' 1 } ifl < I < m - 1, k > s + I, 



(15.5) 



s+l 
s+l 



x(fe— (m— 1)) 



n . 2 fe-m+s + 21 . 2 3s-l _ 53 , 2 2s-l = ^ fc > s + m 
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Proof. Let I be a rational integer such that 2 < I < m— 1; we shall prove lemma [TS.ll bv 
strong induction on I. 

Assume 
(15.6) 

Xfe .J.fm.-fl'i — n> x(fc— (j — 1)) 



(ffj-i) r 



s+j 



8J- 1 . r 



s+(m-(j-l)) 
s+l 



/or l<j<l-l k> s+j. 



We are going to show that for 2 < I < m — 1 , 



implies T 



s+; 



xfc 



= 8^ 1 • r 



s+(m-(i-l)) 
s+l 



x(A-a-i)) 



for fc > s + /. 



By Lemmas Il4.ll 14.21 (iTj_i) holds for 1 = 3,4. 

The case k = s + I 
We have 



(15.7) 



s+m 



x(s+2) 



= 21 • 2 3j '~ 4 - 3 • 2 2j ~ 3 if 1 < j < s - 1 by (TiT2T1l . 



(15.8) 



s+m 



x(s+i) 



2 2s+i-l +21 . 2 3s-4_ n . 2 2s-3 by (TLneJl) . 



(15.9) 



s+m 
s+l 



x fe 



= 3 . 2 fe+s-l +21 j 2 js-l_ 2 2s-l] if fc > S + 1 bv (fTXISl) . 



(15.10) 



s+'m x("+0 



' s+i 



x s+(rn-(j-l)) x(s+'-(i-l)) 

' r s+l 



= 3 • 2 2s+ '+ 2 ^ 3 + 21 • [2 3 -?+ 3s - 4 - 2 2s+3 - 7 ~ 4 ] if 1 < j < I - 1 

by and ( (|13.48|) with m m - (j - 1) > 2, fe ->• s + I - (j - 1), s + l- (j - 1) > 



Consider the matrix 



EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVERlBg 



Oil 


a-2 


Q'3 


a s +i-i 


OLs+l 


a 2 


OL3 


0:4 




"s+i+1 


Ots-l 


a s 


Q s +l 


&2S+1-3 




a s 


"s+l 


a s +2 


&2S+1-2 


Ot2s+l-l 


a 
Pi 


ft 
P2 


ft 

03 


ft 

Ps+l-1 


ft 

Ps+l 


02 


03 


04 


Pe+l 


08+1+2 


a 

Ps-1 


a 

Ps 


R 

Ps+1 


R 

P2s+l-3 


R 

P2s+l-2 


Ps 


0s+l 


0s+2 ■ 


02s+l-2 


02s+l-l 


0S+1 


0s+2 


0s+3 ■ 


02s+l-l 


02s+l 


0s+m 


Ps+m+1 


0s+m+2 


02s+m+l— 2 


02s+m+l- 



We have respectively by (fTTTTjl and (|1 1 .27(1 with k = s+l 



(15.11) 



(15.12) 



s+l s 

s-\-m 



i=0 



s-1 s 

s+ra 



x(s+Z) 



x(s+i) 



•)is+m+2l-2 



3-2 



3s-4 2s-3 



From (fTBTS]) . (dEU), . . . , (fT5~T2"f we get 

(15.13) 



s+m 



X(s+Z) 



Er 



2^s-\-m-\-2l — 2 \ p L 

24s+m+2/ — 2 ^ 2^ S— ^ 2^ S ~ 3 ) ^2^ s +^~l _|_ 21 2 

_ V^(3 ■ 2 2s+l+2 i- 3 + 21 • [2 3j+3s ~ 4 - 2 2s+3j ~ 4: ]) 
3=1 

_ 24s+m+2i-2 _ g _ 23s+3i-4 _|_ 22s+3i-4 



x(s+0 



11 • T 



(15.14) 



»+(m-(i-l)) 
+1 



x(s+l) 



= 2 4 S +(m-(i-i)) _ 3 . 2 3s-i + 2 2s-i by (fTXTTTl since m - (Z - 1) > 2. 



From ([T5~T51) . (fT5~14]) we get 



(15.15) r 



s+m 
s+2 



x(s+i) 



•r s L +1 



s+(m-(i-l)) 



x(s+l) 



if 1< / < m - 1, k = s + l. 



The case k > s + 1 



Consider the matrix 
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We get 
(15.16) 

S 

s+m 

(15.17) 



Oil 


Q 2 


a 3 


Ols+l 


&S + 1 + 1 


Oi2 


a 3 




a s +i+i 


O-s+l+2 


OL a -l 


OLs 


a s +i 


Ot2s+l-2 


Oi2s+l-l 


OL s 


a s +i 


&s+2 


OL2s+l-l 


&2s+i 


Pi 


Pi 


p 3 


Ps+l 


Ps+l + l 


Pi 


Ps 


Pa 


Ps+l+1 


Ps+l+2 


Ps-l 


Ps 


Ps+l ■ 


P2S+1-2 


P2s+l-l 


Ps 


Ps+l 


Ps+2 ■ 


P2S+1-1 


P2s+l 


Ps+l 


Ps+2 


Ps+3 ■ 


P2S+1 


P2s+l+l 



x(s+2 + l) 



\ Ps+m Ps+m+1 Ps+m+2 ■ ■ ■ P2s+m+l-l P2s+m+l J 



2 2s+l + 21 . 2 3s-4 _ u . 2 2s-3 by (fYX46)l 



s+m 
s+j 



x(s+2 + l) 



•r s L +1 



s+(rn-(j-l)) 



X (s+l+l- (J -I)) 



= 3 • 2 2s+l+2 >- 2 + 21 • [2 3 ^' +3s - 4 - 2 2s+3 ^ i ] if 1 < j < Z - 1 

by (H) and ( (113.48P with m -> m - (j - 1) > 2, k -> s + 1 + 1 - (j - 1), s + 1 + 1 - (j - 1) > s + 1). 



We have respectively by (TTl~Tj) , (fTL2"|) , (|11.27|) and (|11.28j) with m > 2, k = s + 1 +1 



(15.18) 



(15.19) 



(15.20) 



(15.21) 



s+l+l s 

s+m 



i=0 



s+l + l s 

Es+m 
w 

i=0 



[ 



x(s+2 + l) 



>4s+m+2Z 



x(s+2+l) 



2 — i 23s+'Ti+Z — 1 _j_ 22^+2/ ^s+l—l 



s-1 s 

s+m 



i=0 



s-1 s 



x(s+Z + l) 



3-2 



3s— 4 o2s— 3 



x(s+Z+l) 



and 



2 -i = 7. 2 2s -4 - 3 . 2 s " 3 . 



From (HHH]), . . . , ([TOT]) we obtain 



EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVER1B? 



(15.22) 



s+m 
s+l 



x(s+i + l) 



s+m 
s+l+i 



s-1 s 

s+m 



x(s+!+l) 
x(s+i+l) 



s+m 



x(s+l + l) «zi \ s + m 



s+j 



3=0 3=1 
24s+m+2( ^3 _ 23s— 4 _ Q^s — 3^ _ {^Is+l _|_ 2^ . 2 3s ~ 4 — 11 • 2 2s ~ 3 ) 

l-l 

y^(3 . 2 2s + i+2 -J- 2 + 21 • [2 3 3+ 3a-4 - 2 2s+3 J~ 4 ]) 
3=1 

24s+m+2i _ 3 _ 23s+3Z-4 _ 22s+32-4 



x(s+i + l) 



(15.23) 



s+m 
+« 



x(s+2 + l) 



z ^ 1 s+Z+1 



x(s+2 + l) 



s+i+1 s 

s+m 



x(s+2 + l) 



, 2~(»+i+i) 

x(s+i+l) 



. |s+m x(s+'+l) s + m x(s+2 + l) ^1 L+ 3 , 

3=0 3=0 3=1 

^3s+m+l— 1 2^3+2/ ^s+i— 1 2^5—4 g 2 S ~ 3 ) (2 S ~^ -|- 21 2 2s ~ 4 11 2 S ~ 3 ) 

(-1 

y^(3 . 2 2 s+;+2i-2 _|_ 21 . j2 3 i+ 3;5 - 4 - 2 2s+3:,_4 ]) • 2~ {s+j) 
3=1 

24s+m+2/ g 23s+3£— 3 g _ 2^5+3^ — 3 



x (s+Z+1) 



2-( s +j) 



Hence by (|15.22[) . (115. 23[) we deduce after some calculations 



(15.24) 



s + m X (s+Z+1) 
p . J 22 . 23 S +3Z — 4 g _ 2^s+3Z — 4 



(15.25) 



,+ m x (s+Z+1) 

p L s-t-rrej = 24s+r?x+2i _ 3 ^ 2 3 s+3(-l ^ 2 2s+3i_1 



By (|12.34j) with j = Z, m > I + 1 we get 



(15-26) , s+l -, s+l 

From (|15.26p . (|15.24p we deduce 



s+m s+m x ^ , . . „, „ 

r„ L ,, J -r]-,, J =3 . 2 fc + s + 2i - 3 if k>s + i. 



E ir 

3=s+i+l 
fe+1 



s+m 
s+2 



X(3'+1) 



s+m 
s+2 



X3 



E r 

3=s+2+2 



s+m 



x 3 



1 s+2 

3=s+i+l 



s+m 



^ 3 ■ 2 J + S + 2 '- 3 

3=s+Z+l 

3 _ 2 fc + s + 2 '+ 2 _ 3 . 2 2s + 3 '~ 2 



XJ 
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+m x( fe +!) 



s+l 

s 

s+m 
+1 



-r 



s+m 

(15.27) ^rL +; 



x(fc+l) 

x(fe+i) 



+m x(s+i + l) 



s+f 



_ g _ 2fc+s+2i+2 _ g _ 22s+s;-2 



g , 2 fc + s + 2i +2 _ 3 . 2 2 s+3i-2 i 21 . 23 s +3i-4 _ g . 22s+3i-4 
3 . 2 k+s+2l-2 + 21 . 2 3,+3;-4 _ 21 . 2 2 S +3i-4 if fc > S + 



By (|15.24j) we see that (|15.27j) holds for fc = s + 1, then (|15.27|) holds for k > s + l. 



From (113. 48|) with m -> to - (I - 1). fc fe-(Z-l), to>Z + 1, fe— (i — 1) > s+l 
and (115. 27p we get 



(15.28) 

8 /_1 r 



s+(m-(i-l)) 
•s+l 



x(k-{l-l)) 



-i . [3 . 2 fc-(2-i)+s-i + 21 . (23 s - 1 - 2 25 " 1 )], 



(15.29) 



s+m 



x fe 



' s+Z 



3 _ 2^+ s +2^ — 3 _i_ 2^ . 23^+3/— 4 2]^ . 2 2s ^ 



3;-4 



By (fT5~2"5]) . (fT5~2"9l we obtain 



(15.30) r 



s+m xk , , s+(m-«-l)) xC=-('-l)) 

J Ql — 1 L 



s+l 



for I < m — 1, > s + Z. 



Observe that in view of (|15.30p the formulas (|15.24p and (|15.25p holds for 1 = m, it suf- 
hces to reproduce carefully the proof of the above formulas with k — > s + m + 1 instead 
of k —> s + I + 1. 
In fact we have 



(15.31) 



s+m x(s+m+l) 



(15.32) 



s+m x(s+m+l) 
p . J 24s+3m 3 _ 23s+3m— 1 _|_ 22s+3m — 1 



The case k = s + m, I = m 
We have 



(15.33) 



s+m 
s+m 



X (s+m) 



2 4 S + 3m -2 _ 3 . 2 3 S +3m-4 + 2 2s+3m-4 by ^ i ^ m _ 1 ^ 



(15.34) 



s+l 

s+l 



X(s+1) 



3 . 2 a.-i + 2 ai-i b y (fmSD . 



From (|15.33p . (|15.34p we obtain 
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s+m x(s+m) 



s+l *0+l) 



s+m 



The case k > s + m, I = m 
We have 



(15.35) 



r 



s+m 
s+m 



X (s+m+1) 



21-2 



3s+3m-4 _ g _ 22s+3m-4 



by (fTCT . 



(15.36) 



s+m 
s+m 



x(fe+l) 



s+m 
s+m 



xk 



= 11 -2 fc 



fc+s+2m— 3 



by (|12.34j) with j = m , k > s 



From (|15.35p . qi5.36|) we deduce 



E r 



s+m 
s+m 



X(j'+1) 



s+m 
s+m 



j=s+m+l 
fc+1 



\ y 11 • 2^ s "^ 2m— 3 

j= s+m+l 



E r!r J '- E ' 



s+m 
s+m 



X.7 



11 2^~^ s ~'^ m— 2 — 11 2 2s ^ 3rn ~ 2 



j— s+m+2 



^ -^s+m 



^> r 

(15.37) 

<=> r 



[ s + m J x(fe+l) 
■m 

X(fc+1) 



j — s+m+1 
s + m X (s+m+1) 



s+m 



= 11-2 



fc+s+2m-2 



-11-2 



2s+3m-2 



s+m 
s+m 



11 • 2 fc 



fc+s+2m-2 



11 2 2s ~^ 3m ~ 2 + 21 2^ s ~^^ l— ^ 9 t^Zs+Zm — 4 



s+m 
s+m 



X(fc+1) 



11 ■ 2 fe+s+2m - 2 + 21 • 2 3s+3m - 4 - 53 ■ 2 2s+3m ~ 4 if k > s- 



By (|15.3ip we see that (|15.37j) holds for k = s + m, then (|15.37jl holds for fe > s + m. 
From Q13.26|) ( with ft -»• ft - (to - 1), k — (m — l)>s + l) and (|15.37| with ft + 1 -> ft 
we have 



s+m 
s+m 



Xfc 



11 • 2 



fc+s+2m — 3 



+ 21-2 



3s+3m-4 



53 • 2 2s+3m - 4 if ft > s ■ 



s+l 



• r s+l 



x(fe-(m-l)) 



-i . j n . 2 fc-(m-i)+s-i + 21 . ^-l _ 53 . 22.-1] if — (m — 1) > S + 1. 



□ 



Lemma 15.2. We have 
(15.38) 



r 



s+m 
s+l 



x k 



s 1 - 1 . r 



s+(m-(i-l)) 
s+l 



x(k-O-l)) 



if 1 < Z < m, jfe > s + I, 
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(15.39) 



s+m 
s+l 



X(s+l) 



_ c^s+ll+m-l _ 3 _ 23s+3i-4 , 2 2s+3!-4 



if l<l<m, 



(15.40) 



s+m 
s+l 



xk 



3 . 2 k+2l+s-3 + . 2 3s+3l-i _ 21 . 2 2s+3i-4 1 < / < m _ i; > s + /, 



(15.41) 



s+m 



xfe 



= 11 _ 2 fe+ 2m + s -3 + 21 . 2 3 S +3m-4_ 53 . 2 2 s +3m-4 ^ fc > S + m. 



Proof. Lemma 115.21 follows from Lemma 115.11 



□ 



16. A REDUCTION FORMULA FOR IN THE CASE 

1 < j < s - 1, £; > s + j + 1 

In this section we prove the following reduction formula by induction on j 



s+j+l 



xk s J . x(k-2j) 



s-j+l 



if < j < s- 1, fc > s+j + 1. 



We recall once more that the right hand side in the above equation has been computed 
in section [T31 

In fact we have 



b-3 
'—3 
s-j+l 



x(k-2j) 



' 2 4s-4j _ 3 . 2 3s-3j-l _|_ 2 2s-2j-l 



if < J < S - 1, fc = S + j + 1, 



= { 21 ■ [2 fc + s -W- 1 + 2 3s - 3 J- 1 - 5 • 2 2s - 2 ^ 1 ] if < j < s - 2, k > s + j + 1, 

2 2fe-4 s +4 _ 3 . 2 fc-2s+2 + 2 if j = S -l ) k>2s. 



Lemma 16.1. We have 



(16.1) 



xfe s \ x(k-2) 



£/ fc > s + 2, 



(16.2) 



x(s+2) 



s+2 



2 4s+2 _ 3 2 3s+2 _|_ 2 2s+3 



if k = S+2 , 



(16.3) 



xk 



r s L + J 2 = 21 • [2 k+s+2 + 2 3s+2 - 5 • 2 2s+3 ] if k> s + 2. 



Proof. Proof of (fTO|) with k = s+2 



From (|13.20j) and ([133]) (with s ->■ s - 1) we get 



EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVER1IJ 



° *(s+2) 

p L J _ 2 4s + 2 _ 3 . 2 3s + 2 + 2 2s + 3 



s-l 



•rT 



= 8 2 • f2 4s ~ 4 -3-2 



3s-4 | 2s-3i 



Proof of P^T|) with fc > s + 2 
Consider the matrix 



Oil 


a 2 


a 3 


■ 0i s+2 


a s +3 


a 2 


a 3 


«4 


■ a s +3 


«s+4 


ot s -i 


a s 


a s +i ■ 


C*2s 


"2S+1 


a s 


a s +i 


a s+ 2 ■ 


■ a2.s+i 


«2s+2 


0i 


02 


03 ■ 


■ 0s+2 


0s+3 


02 


03 


04 • 


■ 0s+3 


0s+4 


0s-l 


0s 


0s+l ■ 


■ 02s 


02s+l 


0s 


Ps+1 


0s+2 • 


■ 02s+l 


02s+2 



We have 



s+3 s 

(16-4) J2 T i 

z=0 



x(s+3) 



_ 2^s+4 



by (fTTTj) with m = 0, k = s+3, 



s+3 \s 



x(s+3) 



(16.5) J2 r i ' = 235+1 + 225+4 ~ 2 " +1 b y (fTl ~ 2l) with m = 0, k = s+3, 



i=0 



s-l s 



(16.6) ]Tr 



x(s+3) 



3s-4 r>2s-3 



= 3 • 2 JS - 4 - 2 



by (111.27)1 with m = 0, k = s+3, 



(16.7) ]Tr 



x(s+3) 



2 -i =7 . 2 2s-4_ 3 . 2 s-3 



i=0 



by pi .28)1 with m = 0, k = s+3, 



(16.8) 



x(s+3) 

F; - = 21 • 2 3s ~ 4 + 69 • 2 2s - 3 by (fB^l with k = s+3, 



(16.9) 



x(s+3) 



S+l 



21 • [2 3 *" 1 + 3 • 2 23 - 1 ] by (ITOIl with k = s+3. 
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From (fTO|) . . . . , (fTO|) with k = s+3 we obtain 



(16.10) 



x(s+3) 



+ r 



x(s+3) 



s+2 ' *■ s+3 



(3 • 2 3s ~ 4 - 2 2s ~ 3 ) - (21 • 2 is - A + 69 ■ 2 2s " 3 ) - (21 • ft 68 ' 1 + 3 ■ 2 23 - 1 ]), 



(16.11) 



x(s+3) 



■ 2 



-(s+2) 



x(s+3) 



s+2 * T 1 s+3 ^ 

= 2 3s+1 + 2 2s+4 - 2 S+1 - (7 • 2 2s ~ 4 - 3 • 2 s " 3 ) - (21 • 2 3s ~ 4 + 69 • 2 2s ~ 3 ) • 2~ s 
-(21-[2 3s - 1 +3-2 2s - 1 ])-2- (s+1) . 

Hence by (|16.10p . (116. 11|) we deduce after some calculations 



(16.12) 



x(s+3) 

r s L + J 2 = 21 • 2 3s+2 - 21 • 2 2s+3 , 



(16.13) 



x(s+3) 



s+3 



24s+4 _ g _ 23s+5 _j_ 2^s+7 



By (|12.32jl with j = 2, s > 3 we get 



(16.14) 



s+2 



x(fe+l) s xk 

- T } + J 2 = 21 • 2 k+s+2 if k> s + 2. 



From (|16.14j) . (|16.12|) we deduce 



(16.15) 



E 

j=s+3 



X(i+1) s xj 



fe+1 | s 

* E r s+2 

j=s+4 



^ r 
r 

^ r 



x(fc+l) 



s+2 



x(fc+l) 



E r «+~ 

j=s+2 



XJ 



[*]x (*+!) [; 

S + 2 1 S- 



s+2 



^ 21.2 J ' +S + 2 

i=s+3 

_ 21 . 2 fc+s+3 _ 21 . 2 2s + 5 



x(s+3) 

r Ljj a = 21 . 2 fe + s + 3 - 21 • 2 2s+5 

21 • 2 fe+s+3 - 21 • 2 2s+5 + 21 • (2 3s+2 - 21 • 2 2s+3 ) 
21 • [2 fc+s + 3 + 2 3s+2 - 5 • 2 2s+3 ] if k > s + 2. 



By (|16.12|) we see that (|16.15|l holds for k = s+ 2, then (|16.15p holds for k > s + 2. 
From (TEH)) (with k—>k-2, s ->• s - 1, fc - 2 > (s - 1) + 1) and (I16.15|) we have 



EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVERlig 



s-1 
s-1 



+2 Xfc = 21 . [2 fe+ S +2 + 2 3,+2 _ g . 2 2 S+3]; 
x(fc-2) 

= 8 2 • 21 • [2 fc+s - 4 + 2 3s - A - 5 • 2 2s ~ 3 ] 



Lemma 16.2. We have for s > 2 



□ 



(16.16) 



xk 



s+j+1 



= 8 2j • r 



s-i+i 



X(fc-2j) 



if < j < s- 1, fc> s+j + 1, 



(16.17) 



s-3 

s-j 

8-3 + 1 



X(s-J+1) 



2 4s— 4j ^ _ 2 3s — 3j — 1 _i_ 2 2s — 2j — 1 



o<j<a-i, fe = s+i + i , 



(16.18) 



s-3 
s-3 
a-J+l 



X(fe-2j) 



21 • [2 fe -^'+ s - 1 + 2 3s - 3 ^- 1 - 5 • 2 2s - 2 ^- 1 } if < j < s - 2, k > s + j + 1, 



(16.19) 



s-3 
s-3 
s-3+1 



x(k-2j) 



x(fc-2(s-l)) 



j2fc-4s+4 _ g _ 2 fc-2s+2 



2 ifj = s-l,k>2s. 



Proof. We proceed as in section IT51 bv induction on j. 
Let I be a rational integer such that 2 < Z < s — 2. 
Assume 



xk 



X{k-2j) 



(16.20) (#,_!) r} + J , +1 = 8 2j .r}_ /or < j < I - 1, k> s+j+1 



We are going to show that (Hi) holds, that is 



(16.21) 



x k 



s+l+1 u - 1 - 



s ~j x(k-2l) 

"•ry.N, for k> s + i + i. 



By Lemma[HII](ff ; _i) holds for I = 2 (see ^EM)- 

Proof of (|16.21|1 with k = s + l + 1 
Consider the matrix 
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Ot 2 


a 3 


Ols+l 


Ols+l+l 


o 2 


Q!3 


«4 


a s +i+i 


Ots+l+2 


a s ~i 


a s 


a s +i ■ 


■ Ct2s+2l-2 


&2S+21-1 


a s 


a.s+i 


a s +2 ■ 


■ Ot2s+2l-l 


Ol2s+2l 


0i 


02 


03 ■ 


■ 0s+l 


0S+1+1 


02 


03 


04 ■ 


0S+1 + 1 


0S+1+2 


0s-l 


0s 


0s+l ■ 


02s+2l-2 


02s+2l-l 


(3s 


0S+1 


0s+2 ■ 


02s+2l-l 


02s+2l 



We have 



(16.22) 

s+l + l \s 

E r, W 

i=a 



x(s+l+l) 



>4s+2i 



by (TjTTj) with m = 0, k = s + l + l, 



(16.23) 

s-1 \s 

i=0 



x(s+;+i) 



3s-4 2s-3 



= 3 • 2 JS - 4 - 2 



by (|11.27j) with m = 0, k = s + l + l, 



(16.24) 

| x (s+l+l) 

r., L J 



3 . 2 2s +' + 21 • 2 3s ~ 4 - 27 • 2 2s ~ 3 



by ([H^l) with k = s + l + l, 



(16.25) 

r 



x(s+;+i) 

s+j+l 



s— J 
o2j. r L s -JJ 



x(s+;+l-2j) 



by (flX20| for < j < I - 1, k = s + l + l 
2 6j . [21 . ( 2 (s+i+i-2j)+( S -j)-i + 2 3(*-j)-i - 5 . 2 2 ^-^- 1 )] by CEUD with s -»■ s - fc -> s + I + 1 - 2j > s - j + 1 

21 . [2 2s +3j'+ J _|_ 2 3s + 3 J- 1 - 5 . 2 2s+4j-lj 



From (|16.22p . (|16.23|) . Ijl6.24|) and (|16.25j) we get after some calculations 



(16.26) 

r 



x(a+/+l) 
s+l + l 



4s+2l to n3s-4 2s-3\ fo o2s+i , r>1 o3s-4 07 o2s-3 



2 4 S+ 2( _ (-3 . 2 ^-4 _ 2 



(3 • 2 2s+l + 21 ■ 2 3s ~ 4 - 27 ■ 2 2s ~ 3 ) 



y 21 ■ [2 2s+3j+ ' + 2 3s+3j ~ 1 - 5 • 2 2s+4 ^ 1 ] 
v i=o 

2±s+2i _ 3 _ 2 3s + 3J_1 _)_ 2 2s + 4i_1 



By (fllOf with s 



s — I and (|16.26[) we obtain 
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x(s+2+l) 
s+l+1 



= 8 21 • r 

_ 4s+22 



s-l 
s-l 



x(s-M-l) 



3 ■ 2 



3s+32-l 



,2s+4i-l 



□ 



Proof of (|16.2ip with k> s + l + 1 
Consider the matrix 



We have 
(16.27) 

s+2+2 \s 

E^ 

i=0 



Oil 


«2 


a 3 


Ots+l + l 


«s+2+2 


Oil 


O.3 




OLs+l+2 


a.s+l+3 


a s -i 


a s 


a s +\ ■ 


■ a 2s +i-i 


"2s+2 


a s 


ot s +i 


a s +2 • 


&2S+1 


C*2s+l+l 


01 


02 


03 • 


0S+1 + 1 


0S+1+2 


02 


03 


04 • 


0S+1+2 


0S+1+3 


0s-l 


0s 


Ps+1 ■ 


02s+l-l 


02s+l 


0s 


0s+X 


Ps+2 • 


02s+l 


02s+l + l 



x (s+2+2) 



24s+22+2 



by (fTTTTj) with m = 0, k = s + l + 2, 



(16.28) 

s+2+2 \s 

E^ 

i=0 



x (s+2+2) 



2~ i q3s+1 _|_ 2^5+22+2 2 S ^^ 



by (fl"l~2"l) with m = 0, fc = s + I + 2, 



(16.29) 

s-l I s 
i=0 



x (s+2+2) 



2 2 3s— 4 <2^s—3 



by (|11.27l) with m = 0, k = s + I + 2, 



(16.30) 

s-l I s 

Err 

i=0 



x (s+2+2) 



2~ l = 7-2 2s ~ 4 -3-2 s ~ 3 



by (|11.28|) with m = 0, k = s + l + 2, 



(16.31) 

x (s+2+2) 



= 3 • 2 2s+i+1 + 21 • 2 3s ~ 4 - 27 • 2 2s ~ 3 



by (THO]) with k = s + l + 2, 



(16.32) 

* x (s+2+2) 
pL J 
1 s+j+1 



*-3 
1 s-j+l 



x(s+2+2-2j) 



by (fTOOl for < j < I - 1, k = s + l 
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= 2 6j • [21 • (2( s + i + 2 - 2 J)+( s -J)- 1 + 2 3 ^-^- 1 - 5 • 2 2 ^-^- 1 )} by (flOl) with s -> s - j, fc s + / + 2 - 2j > s - j + 1 
= 21 • [2 2s+3j+i+1 + 2 3s+3j ~ 1 - 5 • 2 2s+4j ~ 1 } 

From (|16.27p . . . . , (|16.32j) with fe = s + Z + 2 we obtain 



(16.33) 



r 



x(s+Z+2) | x(s+l+2) 

s+i+i + -^s+;+2 
. 24s+2i+2 _ ^3 _ 2 3s ~ /k — 2 2s ~ 3 ) — (3 • 2 2s + i+1 -f 

y^2l ■ [2 2s+3:, '+'+ 1 + 2 3s+3j ' _1 - 5 • 2 2s+4:j ~ 1 ] 



21 • 2 d 



27 • 2 2s ~ 3 ) 



(16.34) 

x(s+/+2) 



r 



s+l + l 



2 -(s+/+l) I p 



x(s+/+2) 



s+Z+2 



2-(s+/+2) 



= 2 



3s+i | 2s+2i+2 ns+l 



2 s+l _ (j . 2 2s-4 _ 3 , 2 s-3^ _ ( 3 . 2 2s+*+i + 2i . 2 3s ~ 4 - 27 • 2 2s_3 ) • T 



i-i 



y^21 • [2 2s+3:, ' + ' +1 + 2 3s+3j ' _1 - 5 • 2 2s + 4 J _1 ] ■ 2 



- 1 ! . o-(H-j+i) 



J=0 



Hence by (|16.33|) . (|16.34[) we deduce after some calculations 



(16.35) 



X (s+Z+2) 

r L + J + i = 21 . 2 3s+3l-l _ 21 . 2 2«+«-l j 



(16.36) 



x (s+Z+2) 

pL J _ 2 4s+22+2 _ 3 _ 2 3s+3i+2 _|_ r,2s+4Z+3 



By (|12.32p with j = 1 + 1, I + 1 < s - 1 we get 



(16.37) 



x(fc+l) 



xfe 



r} + J ;+1 = 21 • 2 fe+s+3( ' +1) - 4 if k> s + l + l. 



From (TIP?)) . (fTtX35)) we deduce 



j=s+l+2 
k+1 



s+Z+1 



s+l+l 



= 21 ■ 2 3+s+3i - 1 

j=s+i+2 



fe 



^ E r ^ +1 - E r 

j=s+Z+3 j=s+l+l 
X (s+Z+2) 



XJ 



s + l + l 



— 21 • 2 k+s+31 — 21 • 2 2s+4 ' +1 



Mx( fc +i) [ 



<^>r 



s+l+l 1 s+l+l 

x(fc+l) 



s+l+l 



_ 21 . 2 fc+ s +3; _ 21 . 2 



2 2 . 2 fc+s+3Z _ 21 . 2 2s + 4 '+ 1 

2s+4Z+l _j_ 2\ . ^ 2 3s+3(-l _ 21 . 2 2 s+4i-l^ 



EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVER1I? 



x(fe+l) 



(16.38) ^r s L + J ;+1 = 21[2 fc+s+3 ' + 2 3s+3 ' _1 - 5 . 2 2s+4 '~ 1 ] i£k>s + l + l. 



By (|16.35|) we see that (|16.38|l holds for k = s + 1 + 1, then (|16.38|> holds for k > s + 1 + 1. 
From (116. 38| and ([DO]) with s -> s - Z, fe -> fc - 2/ > s - Z + 1 we get 



X fe 



s+l+1 



8 21 ■ r 



s-i 

8-1 
S-l+1 



x(k-2l) 



= 21[2 

□ 

We have now established that 



k+s+3l-l , 23s+3i-l _ g , 2 2s + 4 ' -1 ] 



xfe 



a-3 



^s+j+1 _ 8 J ' r s- ; - 1 



(16.39) 

Proof of (|16.16|) with j = s - 1, k > 2s 
We shall show that 



X(fc-2j) 



if < j < s - 2, fe > s+i + 1. 



(16.40) 



xfc 



;>2s-2 



• r 



x(fc-2(s-l)) 



if k > 2s. 



If k =2s, (|16.40j) follows from (|16.21j) with Z = s - 1 and k = s +(s -1)+1 = 2s. 
Let k > 2s. 
Consider the matrix 



at 




a 3 


OL2s 


Q.28+1 








■ OL 2s +l 


&2s+2 


Oi s -l 


a s 


a s +i . 


■ Oi 3s -2 


OC3s-l 


a s 




a s +2 ■ 


■ «3s-l 


«3s 


01 


02 


03 ■ 


• 02s 


02s+l 


02 


03 


04 • 


■ 02s+l 


02s+2 


08-1 


08 


08+1 ■ 


■ 03s-2 


03s-l 


08 


08+1 


0s+2 • 


■ 038-1 


03s 



We have 



(16.41) 

2s \s 



x(2s+l) 



= 2 b 



by (TTTTl) with m = 0, k = 2s +1, 



(16.42) 



i=0 



x(2s+l) 



3-2 



3s-4 r,2s-3 



by (|11.27|) with m = 0, k = 2s +1, 
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(16.43) 

s x(2s+l) 



3 • 2 3s + 21 ■ 2 



3s- 



27-2 



2s-3 



by 1(13^1) with k = 2s +1, 



(16.44) 

r 



x(2s+l) 
s+j+1 



= 8 2j ■ r 



s-i+l 



x(2s+l-2j) 



by (|16.20p for < j < s - 2, fc > 2s + 1 
2 6j . j 21 . ^(a.+i-!«) + (._j)_i + 2 3( s -j)-i _ 5 . 2 2(._j)_ij] by with s ^ s _ _> 2s + 1 - 2j > s -j + 1 

21 • [2 3s+3j + 2 3s+3 ^ 1 — 5 • 2 2s+4: '~ 1 ] 



From (|16.41j) . (|16.42|) . (116. 43ft and (|16.44j) we get after some calculations 



(16.45) r 



X(2s+1) 



2 s 



2 6;5 - (3 • 2 

s-2 



3s-4 2s-3\ 



(3-2 3s + 21-2 3s - 4 - 27-2 2s " 3 ) 



5^ 21 • [2 3s+3j ' + 2 3s+3 - ? '- 1 - 5 • 2 2s+4j - 1 ] 

: 21 ■ 2 6S ~ 5 . 



By (|12.32j) with j = s, fc > 2s we get 



(16.46) 

From (|16.46|) . (|16.45p we deduce 



x(fe+l) * xfc 

r L ; j - r l J = 3 • 2 2fc+2s ~ 2 - 3 • 2 fc+4s ~ 4 if k > 2s. 



(16.47) 



E K 

j=2s+i y 
fc+i 

^ E r ^ 

J=2s+2 

x(fc+l) 



x(i+l) a s xj 



E ■2^ 

i=2s+l 



■2s-2 



3 ■ 2 3 



-4s-4\ 



& r 
^ r 
e> r 



J=2s+1 
[j]x(fc+l) ^Jx(2s+1) 



XJ 



->2fc+2s 



2 s 



2 s 



x(fc+l) 
x(fe+l) 



3 • 2 



fc+4s-3 



5 ■ 2 



6s-3 



2 s 



2 2/c+2s 3 . 2 &+4s — 3 _ 2 6s— 3 

5 • 2 6s ~ 3 + 21 • 2 6 

2 2fe+ 2s _ 3 . 2 fc+4s-3 + 2 6s-5 iik> 2g ^ 



^2k-\-2s ^ ^k-{-4:S-~3 c; r)6s — 3 1 01 o6s-~5 



By (|16.45|) we see that (|16.47|) holds for k = 2s, then (|16.47|) holds for fc > 2s. 
Consider the matrix 



u\ 011 a 3 
Pi 02 ft 



"fc-2s+l «fc-2s+2 
/3k-2s+l Pk-2s+2 
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We see easily that 



x(fc-2(s-l)) 



3-(2 k - As+2 - 1). 



Hence 



(16.48) r 2 L 



x(fc-2(s-l)) 



-i2fc-4s+4 n (r)k-2s+2 



3 . _ 1) _ 1 = 2 



2fc-4s+4 _ 3 _ 2fc-2s+2 



From (|16.48|) and (116. 47|) with fc > 2s we get 



xfe } x(fc-2(s-l)) 

pL J _ 2 2fc+2s-2 _ 3 _ 2 fe + 4s_4 -|- 2 6s ~ 5 — g 2 ! 5 - 1 ) . pL 



17. A REDUCTION FORMULA FOR r[;+^]^ IN THE CASE 
1 < j < s — 1 , k>s + m + l+ j 

In this section we prove the following reduction formula by induction on j 



□ 



r L S+m J _o2i+m. r L s -JJ 
1 s+m+l+j ~ ° 1 s-j + 1 



xfe 



x(fc-m-2j) 



if < j < s - 1, k> s + m+l+j. 



We recall again that the right hand side in the above equation has been computed in 

section [T31 

In fact we have 



»—3 
s-j 

-3+1 



x (fc m 2 j) 



' 2 4s-4j _ 3 . 2 3s-3j-l + 2 2s-2j-l 



if < j < s - 1, fc = s + ni + j + 1, 



= { 21 • [2*-m+s-3j-i + 2 3«-3j-i _ 5 . 2 2»-2j-l] jf Q < j < s - 2, k > s + m + j + 1, 

2 2fc-2m-4 s +4 _ 3 . 2 fc-m-2 S +2 + 2 jf j = s — 1, k > 2s + 171. 



Lemma 17.1. We have 
(17.1) 



s-\-m 
- s+m+1 



Xk 



8 m -r 



X (fc— m) 



8+1 



j/ fc > s + m + 1 , 



(17.2) 



s+m 
+m+l 



X (s+m+1) 



2 4s+3m 3 4 2^+3m-l _|_ r)2s+3m — 1 gm _ p 



X(s+1) 



s + 1 



if k = s + m + 1 , 



x(s+l) 



s+l 



(17.3) 



s+m 

r L 

L s+m+l 



x fc 



x(fc- 



s+1 



»4» 



3s— 1 I r)2s— 1 



3 ■ 2^ i + 2 



21 • (2 fe -" i + s - 1 + 2 3s ~ 1 - 5 • 2 23 - 1 ). 



ri-+ J i 



X (fc— m) 



j/ fc > s + m + 1 , 
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Proof. Proof of pT^]) 



By (TT5321) and (fHO]) we get 



s+m x(s+m+l) 
1 s+rn+1 

Proof of (HHSD 
Consider the matrix 



24s+3m ^ . 23 s +3m — 1 _j_ ^s+Sm — ^ § m . P 



x(s+l) 



s+1 



a i 


a 2 


a 3 


CXa-Lrn 1 1 


Qt a 1 m 1 9 

S ^ // 






«4 


&s+m+2 


Cks+m+3 




a s 


a s +i 


■ OL2s+m-l 


<^2s+m 


a s 




a s +2 


«2s+m 


Ck2s+m+l 


fa 


fa 


fa 


fa+m+1 


Ps+m+2 


fa 


fa 


fa 


fa+m+2 


Ps+ro+3 


fa-1 


fa 


fa+l ■ 


fas+m-1 


P2s+m 


fa 


fa+l 


fa+2 ■ 


fas+m 


/?2s+m+l 


fa+l 


fa+2 


fa+3 ■ 


fas+m+1 


/?2s+m+2 


Ps+m 


fa+rn + 1 


Ps+m+2 


fas+2m 


P2s+2m+l 



We have 



(17.4) 



s+m+2 s 

S+m 



E rj 



X (s+m+2) 



_ 24s+3m+2 



i=0 



by (TiTTj) with k = s+ m +2, 



(17.5) 

s+m+2 \ s 

E rp" 

i=0 



X (s+m+2) 



2 — « 2*^' s ' m _j_ 2^ s +2m+2 2 s + m 



by (TIX2")) with k = s+ m+2, 



(17.6) 

s-1 I s 

Es+m 
n 

i=0 



X (s+m+2) 



3s-4 n2s-3 



3 • 2 JS ~ 4 - 2 



by (|11.27ll with k = s+ m+2, 



(17.7) 

s-i r s 
E r F m 

i=0 



X (s+m+2) 



• 2~ l = 7 • 2 2 ^ 4 - 3 • 2 S ~ 3 



by (|11.28j) with k = s+m+2, 



(17.8) 

s +m X (s+m+2) 



2 2s+m+l + 21 . 2 3s-4 _ n . 2 2s-3 by ftYSMtl with k = S+ m+2, 
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(17.9) 



s+m X (s+m+2) . , s+(m-(i-l)l x(s+m+2-(j-l)) 

_ ^ . 2^ s + m +2j— i _|_ 22 . 2^ s +3j— 4 — 21 • 2?s-\-3j—4 



by (|15.40|) for < j < m - 1 

and k = s+ m+2 , 



(17.10) 



s+m 
s+m 



x(s+m+2) 



n . 2 (s+m+2)+2m+s-3 + 2J . 2 3s+3m-4 _ 53 . 2 2s+3m-4 by gg-gjj f or fc = s + m + 2 



21 ■ 2 3s+3m " 4 + 35 • 2 2s 



+3m-4 



From ((T731), . . . , (|17.10p with k = s+m+2 we obtain 



(17.11) 



s+ml X (s+m+2) , s+m 
s+m+1 + ^s+rn+2 
_ 2 4s+3m+2 ^3 2 3s— 4 2 2s — 3^ ^ 2 2s+m+l _|_ rj-^ 2 3s— 4 ^ 2 2s — 3^ 

m — 1 

^ y |^ m 2 2s+m+2j — 1 _|_ 2 ^ _ 2 3s+3j — 4 2 ^ _ 2 2s+3j — 4j (2\ ■ 2 3s ^ 3m— 4 + 35 • 2 2s + 3m ~ 4 ) 

i=i 

_ rj4s+3m+2 3 _ 2 3s+3m— 1 ^ _ 2 2s+3m — 1 



X (s+m+2) 



■ 2 



-(s+m+2) 



(17.12) 

s+m X (s+m+2) _j? X (s+m+2) 

J n-(s+m+l) 1 -p L . 

s+m+1 ' z 1" 1 s+m+2 

_ 2 3s+m _|_ 2 2s+2m+2 2 s+m 2 2s — 4 3 2 S ~ 3 ) ^ 2 2s+m + l _|_ 2 ^ 2 3s — 4 2^ S ~ 3 ) 2~ 

m — 1 

- [3 ■ 2 2s+m+2] ~ l + 21 • 2 is+Z] ~ i - 21 • 2 2s+3: >~ 4 } ■ 2~ (s+j) 
j'=i 

(21 • 2 3s ^ 3m ~ 4 + 35 • 2 2s + 3m ~ 4 ) . 2 — ( s + m ) 

_ 2 3s+2m _j_ g _ 2 2s+2?7i — 2 -^3 2 s+2m — 2 



Hence by (|17.11[) . (|17. 12[) we deduce after some calculations 



s+m X (s+m+2) 

(17.13) Fi+m+l =21 . 2 3s+3m-l_ 21 . 2 2s+3m-l j 



(17.14) 



s+m X (s+m+2) 

p L J o4s+3m+2 o o3s+3m+2 1 r>2s+3m+3 

1 s+m+2 — z ' z ~r A 



By (|12.35j) with j = 1, k > s + m + 1 we get 



(17.15) 



s+m 
s+m+1 



x(fc+l) 



s+m 



s+m+1 



21 . 2 fe+ s +2m-l if k> s + m + 1. 



From (|17.15j) . (|17.13j) we deduce 
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E 



s+m x + 1) s+m X J 



s+m+1 



-r 



s+m+1 



re 

= J] 21 • 2 i_ 



■s+2m-l 



_7=s+m+2 
fc+1 



j— s+m+2 



s+m 
s+m+1 



~ E r 

.7=s+m+3 
Js+ml X(*+l) 



Es+m , 



fc+s+2m 22 . 2^ sJr '^ mJr ^- 



(17.16) 



j— s+m+1 
s+m U (s+m+2) 



s+m+1 
s 

s+m 
s+m+1 



■ s+m+1 



X(fc+1) 



21 2^+ s ~'~^ m — 21 2^ s +^ m ~'~^ 
21 2^~'~ s ~'~^ m 21 2^ s +^ m +^ -j- 21 ^2^ s ~^ m— * — 21 2^ s ~^^ rn ~^-^ 



s 

s+m 
s+m+1 



x(fe+l) 



: 2l ^ 2 k+s+2m + 2 3s+3m-l _ g . 2 2 S +3m-l] jf fc > 



s + m + 1 . 



By (|17.13j) we see that (|17.16|) holds for k = s+ m+1, then (|17.16j) holds for > s+m+1. 
From (|17.16p and lfnO|) with fc -> fe - m > s + 1 we get 



s+m 
s+m+1 



xfc 



x (k — m) 
p L"J o 3 rn 



k— m+s— 1 , r)3s — 1 



2 Jm ■ [21 • (2* 

2^2^+ s +2m — 1 _j_ 23s+3m — 1 g 2 2s+3m— lj 



5 ■ 2 2 



□ 



Lemma 17.2. W^e /iafe 
(17.17) 

X fe 



s+m 
s+m+l+j 



g2j+m _ p 



»-] 
8-3 
s-j+1 



x (fe— m— 2j) 



(17.18) 



X (s+m+l+j) 



' s+m+l+j 



— g2j+m , p 



s-j 
s-j+1 



X (s-j+1) 



*/ < j < s — 1 . fc > s + m + 1 + j , 



*/ < j < s — 1 , k = s + m+ l+ j 



g2j+m _ ^2 4s -4j __ 3 . 2 3s_3 J _1 _|_ 2 2;i ~ 2 -?~ 1 ) 
24s+3m+2j ^ 2 3s +3 m +3j — 1 _|_ 2 2s + 3m +4j — 1 



(17.19) 



s+m 



xfc 



s+m+l+j 



(17.20) 



s+m 
2s+m" 



xfe 



s-J 
s-j 

-3+1 



X (fe — m— 2j) 



g2j+m _ p L 

g2j+m . 21 . [ 2 fc-m-3j+s-l + 2 3s-3j-l _ g . 2 2s-2j-l] if < j < S - 2, k> S + m + l+j 

21 ■ ^2^^ 2m ^^^ s— * + 2 3s ^ 3m ^ 3 ^ - ^ 5 • 2 2s + 3rn +4j— lj 



x(fe— m-2s+2) 



g2s+m — 2 pL 
g2s+m — 2 _ j2 2 (fc— m)— 4s+4 g rjfc— m— 2s+2 _|_ 2 j 



if j = s — 1, k > 2s + m 



EXPONENTIAL SUMS AND RANK OF DOUBLE PERSYMMETRIC MATRICES OVER1B3 

_ 22fc+2s+m-2 _ g . 2fc+2m+4s-4 , 26s+3m-5 

Proof. We will do the proof by induction on j. 
Let I be a rational integer such that 1 < I < s — 2. 
Let (Hi-i) denote the following statement 



(17-21) rl +m+ [ +j =8^ m -Tl s _/ + { 



if < j < I - 1, fe > s + m + 1 + j. 



By Lemma EZQ(-ffi-i) holds for 1 = 1. 

Assume that (Hi-i) holds. 

We are going to show that (Hi) holds, that is 



(17.22) 



s+m 



xfc 



s+m+l+l 



• r 



a— l 



J x(fc-m-2Z) 



s-l+1 



if fc>.s + m + / + l. 



The case k = s + m + l + l 
Consider the matrix 





a>2 


a 3 




Ots+m+l+1 




a 3 




C*s+m+i+l 


0<-8+m+l+2 




a s 


a-s+i 


C*2s+m+i-2 


Ct2s+m+l-l 


a s 


a s +i 


Ot s +2 


Ot2s+m+l-l 


0t2s+m+l 


/3i 




& 


Ps+m+l 


Ps+m+l+1 




& 




Ps+m+l+1 


Ps+m+l+2 


P.-X 


Ps 


Ps+1 ■ 


02s+m+l-2 


P2s+m+l-l 


Ps 


Ps+1 


Ps+2 ■ 


02s+m+l-l 


02s+m+l 


Ps+l 


Ps+2 


■ 


P2s+m+l 


P2s+m+l+l 


Ps+m 


Ps+m+l 


Ps+m+2 


P2s+2m+l-l 


02s+2m+l 



We have 



(17.23) 

s+m+l+l s x(s+m+i+1) 

p L + J _ 24s+3m+2i 



(17.24) 



s+m 



x(s+m+l+l) 



3-2 



3s-4 r,2s-3 



i=0 



by (HEU) with k = s + m + l + l, 



by (|11.27|) with k = s + m + l + l, 
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(17.25) 



s+m 



x(s+m+/ + l) 



c^s+m+l _|_ 22 . 2^ S ^ 11 2^ S — ^ 



by (|13.46p with fe = s + m + Z + l, 



(17.26) 



s+m 
s+j 



x(s+m+;+l) 



s^ 1 • r s L +1 



s+(m-(j-l)) 



x(s+m+i+l-(j-l)) 



g _ 2 2s+m+2+2j-2 , 22 . 2 3s+3j-4 — 21 • 2 2s+3:, ' _4 



by (|15.40|) for 1 < j < m - 1 

and k = s + m + 1+1 , 



(17.27) 



s+m 



x(s+m+J+l) 



11-2 



2s+3m+2-2 



= n . 2 (s+m+i+l)+2m+s-3 + 2J . 2 3s+3m-4 _ 53 . 2 2s+3m-4 by for fc = S + m + 2 

21 • 2"^ s ^^ m ^ 53 2^ s ~^ m ~^ 



(17.28) 



Xs+m+/+l 



= 8 2j " 



s-j+1 



x((s+m+; + l)-m-2j) 



- s+m+l+j 

g2j+m _ 2 ^ _ |^ 2 (s+m+^+l) — m — 3j+s— 1 _j_ 2 3s — 3j — 1 1^ _ 2 2s — 2j — lj 

2 ^ _ |^ 2 2s+3m+£+3j _|_ 2 3s+3m+3j — 1 _ 2 2s+3m+4j — lj 



by (Hi-!) ( sec 

if < j < I - 1, k = s + m + I + 1 



From (|17.23|) . . . . , (|17.28|) with k = s + m + I + 1 we obtain after some calculations 



(17.29) 



s+m 
s+m+i+1 
m — 1 



x(s+m+;+l) 



2 4s+3m+2£ ^3 2 3s— 4 2 2s — 3^ ^ 2 2s+m+/ _|_ 2 ^ _ 2 3s — 4 2 2s — 3^ 

^ y [3 • '2'2s+'m+l+2j — 2 _|_ 2 ^ , 2 3s+3j— 4 _ 2 2s+3j— 4j (11 ■ 2 2s ^ 3m ~^ — 2 + 21 • 2 3s ^ 3m— 4 53 • 2 2s + 3m ~ 4 ) 



i-1 



21 • [2 2s+3m+ ' +3: '' + 2 3s+3m+3 - : '~ 1 — 5 • 2 2s + 3m+4 J~ 1 ] 

j'=o 

2 4s+3m+2/ _ 3 i 2 3s+3m+3/-l , r)2s+3m+4i-l 



By (fT3~5f with s -> s - I and (|17.29j) we get 



x(s+m+i+l) 



- s+m+i+1 



g2(+m _ j 2 4(s-i) _ 3 _ 2 3(s-i)-l _|_ 2 2(s-()-lj _ 2 6i+3m _ p 



-/ 
-I 

s-i+1 



x(s-2 + l) 



The case k>s + m + l + l 
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Consider the matrix 



0>i 


a 2 


a 3 


&s+m+l + l 


Os+m+l+2 


a 2 


a 3 




Ols+m+l+2 


G-s+rn+l+3 




a s 


«s+l 


■ 0l2s+m+l-l 


Ol2s+m+l 


a s 




OL s +2 


Ct2s+m+l 


0L2s+m+l + l 


01 


02 


03 


0s+m+l+l 


0s+m+l+2 


02 


03 


04 


0s+m+l+2 


0s+m+l+3 


Ps-l 


0s 


0s+l ■ 


02s+m+l-l 


02s+m+l 


0s 


0s+l 


0s+2 ■ 


02s+m+l 


02s+rn+l+l 


0s+l 


0s+2 


0s+3 ■ 


02s+m+l + l 


02s+m+l+2 


0s+m 


Ps+m+1 


0s+m+2 


02s+2m+l 


02s+2rn+l+l 



We have 



(17.30) 

s+m+l+2 s x{s+rn+l+2 ) 

p L + J _ 24s+3m+2(+2 



by (fTTTTj) with k = s + m + l + 2, 



(17.31) 

s+m+l+2 s x(s+m+;+2) 

pL J . — 2 3s + 2rn + l -j_ 2 2s + 2m + 2 '+ 2 — 2 s+m+l 

i=0 



by (|TO|) with k = s + m + I + z, 



(17.32) 

s-i r s 
E r F m 

t=0 



x(s+m+2+2) 



2 -i = 7 . 2 2s -4 _ 3 . 2 s - 3 



by (|11.28|) with k = s + m + l + 2, 



(17.33) 

s-l [ s 

Es+m 
n ■ 

t=0 



x(s+m+l+2) 



3s-4 o 2 «-3 



= 3 • 2 JS - 4 - 2 



by (|11.27|) with fc = s + m + Z + 2, 



(17.34) 



x(s+m+/+2) 



by (|13.46p with fc = s + m + Z + 2, 



(17.35) 



x(s+m+Z+2) 



•r s L +1 



x(s+m+J+2-(j-l)) 



2 _ 2 2s + m +'+ 2 J- 1 _|_ 21 • 2 3s+3:, ' _4 — 21 • 2 2s+3:, '~ 4 



by (|15.40|) for 1 < j < m - 1 

and k = s + m + l + 2, 
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(17.36) 



s+m 
s+m 



x(s+m+2+2) 



= n . 2 (s+m+i+2)+2m+s-3 + 21 . 2 3s+3m-4 _ 53 . 2 2 s +3m-4 by ^gg^ for fc = S + TO + / + 2 



11 • 2 2s+3m+/ - 1 + 21 • 2 3s+3m ~ 4 -53-2 



2s+3m-4 



(17.37) 



r 



Xs+m+Z+2 



o2 j-\-m 



■ r 



s-J 
s-j 
s-j+1 



x((s+m+/+2)-m-2j) 



s+m+l+j 

g2j'+m _ 2\ . |^ 2 (s+m+£+2) — m— 3j+s— 1 _j_ 2 3s — 3 -?~ * 5 . 2 2s ~ 2 ^~ *1 

21 • [2 2s + 3m + i + 3 -'+ 1 -|- 2 3s + 3m + 3 J _1 — 5 . 2 2s + 3m + 4 J _1 ] 



by (Hi-!) ( sec (EUD) 
if < j < I - 1, fc = s + TO + Z + 2 



From p7.30p , . . . , (|17.37p with k = s + m + I + 2 we obtain after some calculations 



(17.38) 



s+m 



s+m 



x(s+m+Z+2) 



x(s+m+Z+2) 
s+m+i + 1 T" - 1 - s+m+i+2 

2 4s+3m+2/+2 _ ^3 _ 2 3s ~ 4 — 2 2s ~ 3 

m — 1 



)-(2 



2s+m+Z+l 



21 ■ 2 d 



ll-2^- J ) 



[3 • 2 2s + m +'+ 2 J _1 -|- 21 ■ 2 3s+3j '~ 4 — 21 • 2 2s+3j '~ 4 ] — (11 ■ 2 2s+3 " l +' _1 + 21 • 2 3s+3m ~ 4 — 53 • 2 2s + 3m ~ 4 ) 



1-1 



£21. [2 

3=0 

. 4s+3m+2i+2 



2s+3m+i+3j+l _|_ 2 3s+3m+3j'-l 



g _ 2 2s+3m+4j-lj 



3 _ 2 3s+3m+3/-l _ g _ 2 2s+3m+4/-l 



(17.39) 



r 



s+m 



x(s+m+i+2) 



2 ~ (s+TO+( + l) _|_ p 



s+m 



x(s+m+(+2) 



2 -(s+m+(+2) 



s+m+i + 1 * ~ x s+m+2+2 

2 3s+2m+/ _j_ 2 2s+2m+2/+2 2 s+m+/ _ 2 2s— 4 3 2 s-3 ) ^ 2 2s+m+/ + l _|_ 2 ^ 2 3s ~ 4 11 2 2s ~ 3 ) 2 

m — 1 

[3 . 2 2s+m+i+2j-l _|_ 21 . 2 3s+3j-4 _ . 2 2s+3j-4j _ 2 -(s+j) 

J = l 

(11 2 2s+3m+/ — 1 _|_ 2 ^ _ 2 3s+3m— 4 ^3 _ 2 2s+3m — 4^ _ 2 — (s+m) 

l-l 

21 • [2 2s + 3m +'+ 3 J + 1 -f 2 3s+3m+3i-l _ g . 2 2s+3m+4j"-lj _ 2 -(s+m+l+j) 
2 3s+2m+; , g _ 2 2s+2m+2i-2 _ ^3 _ 2 s+2m+3i— 2 



Hence by <|TT5g|l . (TT7391 we deduce 



s + m x(s+m+;+2) 

(17.40) r s L +TO+ -j +1 = 21 ■ 2 3s+3m + 3 '- 1 - 21 ■ 2 2s+3m+4/ - 1 , 



(17.41) r 



s+m 



s+m+i+2 



x(s+m+i+2) 



_ 2 4s+3m+2;+2 _ 3 _ 2 3s+3m+3(+2 , r)2s+3m+4;+3 
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By (|12.35|) with j = 1 + 1(< s - 1), fe > s + m + I + 1 we get 



s+m x (' c +l) s+m xk i , , n i oi i 

(17.42) r} +m+ ] +1 -rJ- +m+ ] +1 =2 l. 2 fc + s + 2 ™+ 3i - 1 if fe> s + m + Z + l. 
From Q17.42jl . (|17.40jl we deduce 



j=s+m+i+2 
fe+1 



s+m 



x(j+l) 



s+m 



Xj 



s+m+i+l 



j=s+m+Z+2 



s+2m+3Z-l 



r L s+m j - _ v r 

/ , 1 s+m+l /^i 



s+mj X J 
s+m+l 



21 • 2 fe+s+2m + 3i — 21 • 2 2s+3m+4i+1 



^ r 
& r 



j — s+m+Z+3 
[s+ S m x(fe+l) 



s+m+i + 1 

X(fc+1) 



-r 



j=s+m+i+2 
s+m x(s+m+i+2) 



= 21-2 



fc+s+2m+3Z 



21 • 2 



2s+3m+4Z + l 



s+m 
s+m+/+l 

(17.43) 



s+m+i+l 

2^ . 2 k + s + 2m +3i _ 21 . 2 2s + 3m + 4i + 1 + 21 ■ (2 as+3m+31 ^ 1 — .2 2s + 3ln + 4 ' -1 ^ 



s+m 



s+m+Z+1 



x(fe+l) 



= 21[2 fc 



fe+s+2ro+3/ j_ r>3s+3m+3/-l _ g . 2 2s + 3m + 4 '~ 1 



L ] iffc>s + m + l + l. 



By (|17.40p we see that (|17.43[) holds for fe = s + m + I + 1, then (|17.43p holds for 
fe>s + m + Z + l. 

From (|17.43|> and (flT4|) with s -> s - Z, fc -*■ A; - m - 2Z (> s - I + 1) we get 



s+m 



Xfc 



p L J o2/+m p L 6 

1 s+m+i + 1 — ' 1 s-Z+1 



_J x(fc-m-2Z) 



23m+6i _ ^21 . ^2( fe ~ m ~ 2/ )+( s -')-i + 2 3 ( s_ ')-! _ 5 . 2 2 (»-0- 

= 2l[2 k+s+2m+31 - 1 + 2 3s + 3m + 3 '- 1 - 5 • 2 2s+3m+41 - 1 ] if k> s + m + 1 + 1. 
□ 

We have now established that 



s+m 



x fe 



s+m+l+j 



o2j+m p L s J 
' 1 S-.7+1 



X (fc — m— 2j) 



if < j < s - 2, fe > s + m + 1 + j. 



It remains to prove 



(17.44) r 



X fc 



2s+m 



g2s+m — 2 p 



} x(fc-m-2(s-l)) 



if fe > 2s + to. 



The case k = 2s + m 
(|17.41|) holds for I = s - 2, we then obtain by (|16.48p with fe -> 2s 



g2(s— l)+m > p 



g2(s— i)+m^2^ 3-2 2 -|-2] 2^ s + 3m— ® .q 2.2^ s ^ 3m— ^ r 



s+m 
2s+m 



X (2s+m) 
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□ 



The case k > 2s + m 
We proceed as in the case k>s + m + l + l with I = s — 1 . 
From (|17.38[) . with I = s - 1 we get 



(17.45) 



x(2s+m+l) 



s+m 
2s+m 

_ 26s+3m ^ . 2^ s +^ m — ^ Q 2^s+3m— 5 2^ . 26 s +3m — 5 



_ 24s+3m+2(s-l)+2 _ 3 _ 23s+3m+3(s- 1) - 1 _ ej _ 2 2s + 3m + 4 ( ;i_1 ) _1 
s+3m-4 

By (|12.35|) with j = s, k > 2s + m we get 



s+m x (k+l) s+m x & 

(17.46) r 2 L s+ J 

From (|17.46p . (|17.45[1 we deduce 



"2s+m —3-2 



2fc+2s+m-2 



_ 3 . 2 fe+4 8+ 2m-4 if fc>2 . 



E 



s+m 
2s+m 



x(j+l) 



s+m 
2s+m 



Xj 



,j=2s+m+l 
fe+1 



3 • 2 2 ^+ 2s + m ~ 2 — 3 . 2^+ 4s + 2m ~ 4 

j=2s+m+l 



E r 

2s4 



s+m 
2 s+m 



E r 



s+ml X J 
2s+m 



2fc+2s+m 



2 lk 



3-2 



fc+4s+2m-3 



5-2 



6s+3m — 3 



j=2s+m+2 

X(fe+1) 



j=2s+m+l 



^ r 



2s+m 



-r 



s+m] x(2s+m+l) 



s+m 
2s+m 

(17.47) 



x(fe+l) 



x(fe+l) 



2s+m 



_ 2k+2s+m 



3 • 2 



fc+4s+2m-3 



5-2 



6s+3m — 3 



-3-2 



fc+4s+2m-3 



5-2 



6s+3m— 3 



21-2 



6s+3m— 5 



■)2fc+2s+m 



3 • 2 fc 



fc+4s+2m — 3 _j_ 26s+3m — 5 



if k > 2s + m. 



By (|17.45|) we see that (|17.47[) holds for k = 2s+m, then (|17.47j) holds for k > 2s + m. 
From (|16.48p with k — » fc — m, and (|17.47[) we obtain 



j2s+m-2 



■ r 



} x(fc-m— 2(s-l)) 



26s+3m — 6 _ j^ffc— m) — 4s+4 3 m ~ 2s + 2 + 2] 

_ 2 2 &+™+ 2 s-2 _ 3 _ 2 fc + 2m + 4s_4 +- 2 6s + 3m_5 



s+m 
2s+m 



X A: 



□ 



18. PROOF OF THEOREMS 3.1, 3.2, ... ,3.14, 3.15 

18.1. PROOF OF THEOREM 3.1. Follows from gl]) and gJl]). 

18.2. PROOF OF THEOREM 3.2. Follows from Lemma [EH 

18.3. PROOF OF THEOREM 3.3. Follows from Lemma [ 

18.4. PROOF OF THEOREM 3.4. Follows from Lemma [ 
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18.5. PROOF OF THEOREM 3.5. Follows from Lemma EU 

18.6. PROOF OF THEOREM 3.6. We have 
([310]) follows from (|11.21|) . 

(jSlIl) follows from (fLTTj) . 
(|3~T2]) follows from (|12.15|) . 
(|3~T3l) follows from ([12301) . 
([3~T4]) follows from (|12.21|) . 

18.7. PROOF OF THEOREM 3.7. Follows from LemmaEH 

18.8. PROOF OF THEOREM 3.8. We have 
(gUP follows from (TTHTj) , 

dX20D follows from (|16.17|) . 

(g22TJ) follows from (|16.18|) with fc ->■ fc - m, 

([^2"]) follows from (|17.20j) . 

18.9. PROOF OF THEOREM 3.9. We have in the following cases : 



xfe 



in the case 1 < i < s — 1, k > i. 



xfe 



From (|11.2ip we get T 
From (fLT2|) we get iy 
From (TrXTCj) , (TTXTBT) and ([105)) we deduce F 



in the case i = s, k > s. 

X fe 



in the case s + 1 < i < 2s, k > i. 



18.10. PROOF OF THEOREM 3.10. We have in the following two cases 



From (|11.26|) we get T 



in the case 1 < i < 



From (|16.16j) . (|16.17p we deduce T 



in the case s + 1 < i < 2s. 



18.11. PROOF OF THEOREM 3.11. We have in the following cases 



xfe 



xfe 



xfe 



From (I13.2ip we get T 
From (|13.24j) we get V 
From (|13.26p we get V 
From (|17.19p with j = i-s-2 we get T 4 L 
From (|17.20p with m = 1 we get T 



in the case 1 < i < s — 1, k > i. 



in the case i — s, A; > 



in the case i = s + 1, fc > s + 1. 



s+l 



Xfc 



in the case s + 2 < i < 2s, k > i. 



s+l 



xfe 



in the case i = 2s + 1, fc > 2s + 1. 



18.12. PROOF OF THEOREM 3.12. We have in the following two cases : 



From (|13.25p and (|11.26p with m = 1 and fc -> i we get r, 

S _(-X 

From (|17.18p with m = 1 and j = i - s - 2 we deduce T 4 L 



in the case 1 < i < s+l. 



in the case s + 2 < i < 2s+l. 



18.13. PROOF OF THEOREM 3.13. We have in the following cases 



From (I13.2ip we get T 
From (|13.46p we get V 



Xfe 



in the case 1 < i < s — 1, k > i. 



X fc 



in the case i = s, fc > s. 



160 



JORGEN CHERLY 



From (|15.40|) with I = i — s we get T, 



s+m 



x fe 



in the case s + l<i<s + m — 1, k > i. 



From (|15.4ip we get F, 



s+m 



xfc 



in the case i = s 



k > i. 



From (|17.19p with j = i-s-m-1 we get r. 
i. 

x k 

From (|17.20j) we get V 



s+m 



X A: 



in the case s + m+l <i< 2s + m— 1, fc > 



s+m 



in the case i = 2s + m, k > i. 
18.14. PROOF OF THEOREM 3.14. We have in the following three cases : 

S 

s+m 



From (|11.26j) with k -» i and ||13.47|) we get F 
From qi5.39|) with I -> i and (fT7~2) we get T 



s+m 



in the case 1 < i < s + 1 . 



in the case s + 2<i< s + m+ l. 



s+m 



in the case s + m + 2 < i < 2s + m. 



From (|17.18|) with j = i-s-m-1 we get F, 
18.15. PROOF OF THEOREM 3.15. Follows from Lemma EES] 
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